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ON THE NON-EXISTENCE OF REGULAR STATIONARY SOLUTIONS OF 
RELATIVISTIC FIELD EQUATIONS 


By A. EInste1n AnD W. 
(Received January 4, 1943) 


It ts shown that the field equations of the relativistic gravitational theory and of 
its five-dimensional generalization do not admit any non-singular stationary solu- 
tion which represents a field of non-vanishing total mass or charge. 


Introduction 


Some time ago one of us proved’ that there exist no solutions of the gravita- 
tional equations Ry, = 0 satisfying the following conditions: 
1) The field is stationary (i.e. the gi, are independent of <*). 
2) It is free from singularities. 
3) It is imbedded in a Euclidean space (of the Minkowski type), and for large 
values of r (r being the distance from the origin of the spatial coordinate system) 
gu has the asymptotic form 


— 
Ju = 


where ¥ 0. 

The third condition implies that the total gravitational mass of the field is 
different from zero. 

The following considerations led us to reanalyze this proof, to reduce it to its 
necessary elements, and to generalize it to cases of higher dimensions. 

When one tries to find a unified theory of the gravitational and electromagnetic 
fields, he cannot help feeling that there is some truth in Kaluza’s five-dimen- 
sional theory. Yet its foundation is unsatisfactory in so far as, with respect to 
the group of admissible coordinate transformations, the fifth, space-like, coordi- 
nate is treated quite differently from the others. Consequently the com- 
ponents of the electromagnetic field transform independently from those of the 
gravitational field, and the two fields are only apparently unified. The question 
arises whether one could base the theory on the full group of five-dimensional 
point transformations without sacrificing its main achievements. 

This might seem impossible, for according to all our experience the physical 
continuum has 3 + 1 but not 4 + 1 dimensions, since its objects appear to 
have three, but not four spatial dimensions. One could, however, imagine 
that this difficulty might be overcome as follows. Assume that in such a theory 
the fields corresponding to non-singular solutions are not point-like but linearly 
extended in a four-dimensional space. The geometrical configuration of several 
coexisting fields of this character would, then, more or less resemble the con- 
figuration of the objects of a three-dimensional space. 


1 A. Einstein, Revista (Universidad Nacional de Tucuman) A, 2, 11, 1941. 
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We therefore have to investigate the question whether, in a five-dimensional 
metric continuum (of signature 1) the equations 


Riz = 0 
admit of non-singular stationary solutions with a field g,,, asymptotically given by 
A 0 0 0 0 
0 AO O O 
0 0A 0 O 
0 0 0 B D 
8 C 
where at least one of the quantities, A, B, C, D has the form 
+14 


with a non-vanishing constant. This is the asymptotic form of a field repre- 
senting a particle whose electric and ponderable masses do not both vanish. 

By discussing the field equations, V. Bargmann” has shown that spherically 
symmetric solutions of this character do not exist. In what follows we shall 
prove the non-existence of regular solutions of the required form irrespective of 
any assumptions about the symmetry of the field (in regions of finite field 
strength). 

The proof makes it clear why one always encounters singularities if one at- 
tempts to represent material particles by solutions of field equations which are 
based on Riemann’s tensor. 


1. According to Palatini the variation of the contracted Riemannian curvature 
tensor® 


(1) = Vis,x — + ex — 
can be written as 

(2) bRix = (80 is);x — (61 5 

or 

(3) = Urx;s 

with 

This leads to 


2 Private communication. 

3 Capital indices assume all values 1, --- , n, n being the dimensian of the space 
which we consider. Ordinary differentiation is denoted by a comma, covariant differentia- 
tion by a semicolon. 
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where | g | is the absolute value of the determinant of the covariant metric tensor. 
Since the covariant derivatives of the metric tensor and of its density vanish, 
we can put the right side into the form 


and, finally, replace covariant by ordinary differentiation, the expression within 
the brackets being a contravariant vector density. Hence we get 


(6) Vig! = — 
with 


If both the original and the varied fields satisfy the gravitational equations 
Rix = 0, the 6R;« in (6) vanish, and we have 


(6a) x. = 0. 


This is always the case when the variation of the field is produced by an 
infinitesimal change of the coordinate system. In performing such a variation, 
we must not compare the values of T or R at the same world point, but we have 
to displace the world point so as just to compensate the variation of its coordi- 
nates due to the change of the coordinate system. Only then can variation and 
differentiation be interchanged so that we have, for example, 


For a variation produced by the coordinate transformation 
we then have, retaining only terms of the first order in the é’, 


When (8) is inserted in (7), (6a) must hold for arbitrary functions £’ in conse- 
quence of the field equations R;x = 0. 


2. We now decompose the n-dimensional continuum of the x’ into the ordinary 
three-dimensional space of the x’ (lower case italic indices = 1, 2, 3) and the 
subspace of the remaining coordinates x’ (Greek indices 4,---,). We ex- 
pressly assume the g;x to be independent of the coordinates 2”: 


Ogi 
axe 


(9) 


In the physical interpretation of this formalism, zx‘ is the time coordinate and 
x the fifth coordinate introduced in Kaluza’s theory (where the metric is space- 
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like with respect to this fifth coordinate). For the following mathematical 
discussions, however, it is more convenient to restrict neither the dimension of 
the continuum nor the signature of its metric except for the assumption that the 
metric of the three-dimensional space be positive definite. 

We are going to discuss the implications of the relations (6a) for those varia- 
tions (8) which do not affect the condition (9) (cylindricity condition). Only 
the terms with S = 7 have then to be retained in (6a). Using Gauss’ theorem, 
we infer from %',; = O that 


(10) df = 0 


if the integral is extended over a closed two-dimensional surface which does not 
enclose any singularities of the field. n; are the covariant components of a unit 
vector normal to this surface. In case singularities of the metric tensor do exist, 
we consider two different closed surfaces F; and F2 as inner and outer boundaries 
of a three-dimensional region free from singularities. Gauss’ theorem then 
leads to 


(10a) df = df. 


There are two different, types of infinitesimal coordinate transformations 
which leave the stationary character of the field [ef. (9)] invariant. The first 
type is characterized by functions ¢’ which are independent of the x* but may 
depend in an arbitrary way on the 2’. In this case we may choose the £’, to- 
gether with their first and second derivatives, equal to zero on the inner surface 
F, so that the 9%‘ too disappear on F;. Hence for this type of variations the 
stronger relation (10) holds even when the surface encloses singularities of the 
field, provided the surface itself is free from singularities. 

The second type of transformations not affecting the stationary character of 
the field leads to an integral theorem which singles out the regular solutions of 
the field equations Rix = 0. These transformations are defined by 


(11) & = ca" 

with constant coefficients c}.. From (8) and (9) it then follows that 
rm. =0, is = Tes = 0 

= te + 5s), i, = —c 


Inserting these expressions in (7), we get 


Since the coefficients c} may be chosen arbitrarily, (6a) implies, in consequence 
of the field equations and of the stationary character of the solution, 


(13) 


for all 
(13a) 
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(13) (VI = 0 


for all values of p and o. For non-singular solutions this leads to 


in analogy with (10), while singular solutions satisfy only a weaker condition 
of the type (10a). 


3. To make use of this theorem, we introduce the assumption that asymptot- 
ically the g;x-field in question approaches that of Euclidean space. Hence for 
large distances from the origin of the coordinate system we may put 


(14) = + 


Here the constants g;x can be brought to the form 6;xe,; (no summation!) with 
= +1, = +13; are considered small of the first order. The determinant 
g is then given by 


(15) g = (IT «)-( + 7) 
with 


Retaining only first order terms, we infer from (1), because of the stationary 
character of the field, that the equations R;x = 0 assume the form 


(16) YiK,ss — Yis0K — + = 0 

or 

(16a) Vikyss — Yissk — Yts,si + = O 
— = O Tea 9). 


As is well known, it is always possible to normalize the coordinate system in 
such a way that 


(17) — = 0, 

or 

(17a) View — 374 =0 = 0 
then (16) reduces to Laplace’s equation 

(18) Yikes = 0. 


In what follows we consider only those terms which, at infinity, do not decrease 
more rapidly than (where = (x')’). We have, therefore, 


(19) Vix = Mx/T. 
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Since 

we infer from (17a) 

Mik = my + E> Mop), = 0, 
or 
(20) = 0, = Mix, m+ = 0. 


Hence, neglecting terms of order higher than the first, we have 
m 
(21) = Six (1 + Jio = O, Yoo = + —, 


where m satisfies the last equation (20). This result may be used to evaluate 
the integral (13a) for a sufficiently large sphere. Since on its surface we may 
put 


1 
= = —2Y 00.8 = —3Mpo (4), 2 Myo = 
we finally get 
(22) f Vig! df 27 po 


According to this equation, the integral theorems (13a) imply 
(23) Mo = 0 forall p,a, 


for every solution which is independent of the x’, regular everywhere, and asymp- 
totically approaches the Euclidean metric. Moreover, the relation (20) leads to 


(23a) m= 0. 


This shows that for such a non-singular solution of the field equations R;x = 0 
the deviations of the g;x from the Euclidean (or Minkowskian) g;x must decrease 
more rapidly than 1/r for all values of Jand K. Should there exist at all a 
solution different from the Euclidean metric, it could not describe a particle 
with non-vanishing mass or charge, as stated in the introduction. 


Appendix 


In the special case of the four-dimensional continuum, R. Serini [Atti Aca- 
demia dei Lincei (5), 27', 235, 1918] has shown that except for the Euclidean 
metric there exists no regular solution of the required form, under the restrictive 
assumption, however, that the g:, vanish everywhere. His proof is based on the 
fact that, under this assumption, we get for the equation (13) 
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Multiplying this by —ga and integrating over a three-dimensional region we 
find, because of g“gu = —1, 


/ V 19 | + V = 0. 


According to (13a), the surface integral approaches 0 as the surface moves to 
infinity, because then gu — —1, gx 6. Since 0,g ¥ 0, and the form 
g' v2, is positive definite, the vanishing of the volume integral (extended over 
the whole space) implies gs; = const. For a three-dimensional space, however, 
the field equations R;, = 0 are equivalent to the requirement that the uncon- 
tracted Riemannian curvature tensor vanish; hence they imply that the space 
is Euclidean. 

It seems impossible to treat those stationary solutions of the field equations 
for which the yrx [i.e. the deviations of the g;x from the constant values g,x«]| 
decrease more rapidly than 1/r by the methods applied in this paper, namely by 
the use of integral theorems and the linearized field equations. In order to in- 
vestigate these solutions it will be necessary to discuss in more detail the higher 
approximations or the exact field equations. 
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ON THE SUM OF TWO SETS OF INTEGERS 


By Emit ArTIN AND PETER SCHERK 
(Received January 30, 1943) 


In his beautiful paper: ‘A proof of the fundamental theorem on the density 
of sums of sets of positive integers” Mr. Mann succeeded in proving the (a, 8)- 
hypothesis and a generalization of it that had been conjectured for more than 
ten years. We found that his method can be simplified considerably and even 
yields some stronger results. 

Let A, B respectively be sets of nonnegative integers a,b. Let CC = A+B 
be the set of all integers of the form a + b. Let A(x), B(x), C(x) denote the 
number of positive integers of the sets Sz.” Mr. Mann proved the following 
theorem: 

If0 CA and0 CB, and if C(n) < n, then 


a) A(z) + B(x) 


n 
znotinCc 


It seems to us remarkable that it is possible to prove a certain identity from 
which Mr. Mann’s inequality can be deduced as an immediate consequence. 


The theorem in question>is the following: 
TurorEeM I. Let n Then 


(2) C(n) — C(n — m) = A(m — 1) + B(m — 1) + Zn 


Sor a suitable m C,0 < Sn, where Z,, denotes the number of decompositions 
of m of a certain type. 

Throughout the following proof, small letters always denote numbers between 
0 and n, and capital letters stand for sets of such numbers; n is supposed to be 
not in C. We construct now several sequences of sets denoted by B,, B;, 
C,, and Cc. 

Let Co = Co = C, By = BS = B. Let e be the smallest number of B3 for 
which there are two numbers ¢ , c; not in Co such that 


(3) ata—-n=at+a. 
With this e,, we now form C, as the set of solutions ¢ , c; of (3). The corre- 
sponding numbers 
=a a4, 
form the set B;. Such a number ¢; need not exist; in this case, our construction 
stops at Cy. C, exists if and only if there are elements in Co that have the form 


f+’ —n,wheref,f’ E€C>. The sets CT and By shall be the union of Co and 
respectively of and B,. 


1 Annals of Math. 43(1942), pp. 523-527. 
2 Thus, 0 is never counted. 
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Lemma 1. A + Br = Ct} 

Proor: The elements of B, can be written in the form c; — a. So, A + B,D 
C,. Since A + By = C = Cy, we have A + B} DCT. So, we have to show 
that every number a + b; = a + (e, + n — q%) belongs to C} , provided it is 
less than n. In proving this, we may assume that this number does not lie in 
C3. Calling it ¢: , it turns out to be a solution of (3) and, hence, to belong to C, . 

Lemma 2. n 

It is sufficient to prove n € C,. Suppose n = in (3) =a +e; 
from Bo would follow Co . 

Lema 3. B, and Bo are disjoint. 

For if +n — = — a C would be of the forma +b CCQ. 

Starting from BY and Cy , we construct in the same way Br , Cz 7, 2 cc. 
and so on. This is possible, because BY , Cy satisfy still the same conditions 
as and , namely Lemma 1 and 2. This process stops, say,atC; Thus, 
no number of C7 has the form f + f’ — n, where f, f’ EC; . The corresponding 
numbers e shall be called Thus, e, BL,;n , and any 
two sets B, are disjoint. 

Lemma 4. The numbers e, increase monotonically. 

It suffices to show that e >. Ife CB , this follows from the minimum 
definition of e:. If e C B,, then e = ey + (nm — c) > &, on account of 
Lemma 2. 

We define m < nas the smallest positive number not in C? . 

Lemma 5. There are no numbers c, CC; withn eq. 

Proor. CC1,n — m We wish to shown 
This contention is equivalent tom + — n >e,. Obviously,0 < m+ — 
n <m, hence m + cq — n C Cy, say m +c, — n CC,; therefore, because of 

Ifvy >e,2e. If» = 0, we obtain m + — 
n=at+b; c, = mand ¢ are a solution of (3) with b instead of e,. Since e 
was chosen minimal, and since m € C,, we obtain b > e,. 

There are C,(n) — C,(n — m) numbers ¢; in the interval n — m <q < n. 
According to Lemma 5, they even satisfy n — m + e < core; +n — 4 < mM. 
These are, according to the definition of B, , precisely the numbers of B, below 
m. Their number is equal to B\(m — 1). Thus, we obtain for any v 2 1 


(4) C,(n) C,(n m) = B,(m 1). 


Lemma 6. All the numbers s in the interval n — m < s <n belong to Ch . 
They satisfy, indeed, <s+m—n <m,sothats+m—nCCh. Ifs 

would not belong to Cy , we could construct Chu1, for m is also not in GC. 
Since n ¢ Ci , we obtain from Lemma 6 


(5) Cr(n) — Ci(n — m) = m— 1. 


3 The sum-sign means: C¥ is the set of all numbers a + b; , wherea C A and b; CB,. 
4 We owe this lemma to a written communication of Professor Alfred Brauer. 
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There are m — 1 decompositions of m into positive summands: m=x+ J 
Among them, there are A(m — 1) witha C A and B (m — 1) withy CBF. 
Since m € A + Bj , these A(m — 1) + Bi(m 1) decompositions are different 
from each other. If Zm denotes the number of decompositions m = x + y, 
where x € A and y € B; , then 


m—1= A(m—1)+ Bi(m—1) + Zn. 


According to Lemma 3, the sets B, are disjoint, hence 
Bim — 1) = Bim 1) 
and 
(6) m—1 = —1) Bim 1) + Zn. 


On the other hand, the C, are disjoint by construction. So, (5) may be 
written in the form 


m-1= (C,(n) — Cy, (n — m)), 


or using (4) for = 1, ---,,h 
(7) m — = C(n) — — m) + Bm 1), 


By comparing the right sides of (6) and (7), we obtain (2). 
As a consequence of Theorem I, we obtain 
THeorEM II. If C(n) < n, then 


(8) C(n) — C(n — m) = A(m — 1) + Bim — 1) 


for a suitablem EC withO <m Sn. 

Obviously, (2) implies (8) for n € C. If (8) holds for n — 1, and ifn CC, 
then we choose the same m for n as for n — 1; the right term of (8) remains 
unchanged, when we replace n — 1 by n, while the left term is not decreased. 

If 0 C A, 0 CB, then m € B and m € 4; for if m C A, we would have 
m=0+mCC, So, in this case, (8) implies 


(9) C(n) — C(n — m) 2 A(m) + Bim). 


Iterating this formula, we can obtain the following inequality 


(10) C(n)= Min (no + (A(m) + B(m))). 


mj notin Cc 


Mr. Mann’s estimate (1) is an immediate consequence of either (9) or (10). 


For 
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For 
hence, on account of 
no + m = 2, 


znot inC 
Since C(n) < n by assumption, 


znot znot inc 


and (1) follows from (11). 

Another consequence of (10) is the (a, 8)-theorem: Let 
(12) a>QO, B> 0, at+tB<1l; A(x) 2 ag, 

B(x) = Bx forx = 1,2,---,n. 
Then 
C(n) 2 (a + B)n. 

This is clear if C(n) = n. But if C(n) < n, then (10) yields, on account of 
m 2 (a+ 
C(n) 2 Min ((a + B)mo + (am; + Bms)) 


m; notin Cc 


= Min (a+ 8)(no+ m) = (a + B)n. 


notim=n 
notinC 


Obviously, (12) can be replaced by the weaker assumption 
0<y<1l, A(x) + B(x) 2 yx for x 


Let0CA,0¢B. Then C consists of all numbers of the form b and b + a, 
where a C A, b C B, and both positive. For such sets, Mr. A. 8. Besicovitch 
has proved’: If A(x) = a(x + 1), B(x) = 6x for x = 1, +--+ ,n, and if C(n) <n, 
then C(n) = (a + B)n. 


5 4. S. Besicovitch: On the density of the sum of two sets of integers, Journal London Math. 
Soe., vol. 10 (1935), pp. 246-248. Mr. Besicovitch’s method yields the stronger result: 
If A(z) = a(x + 1) forz = 1, --- , nandif C(n) < n, then C(n) 2 B(n) + an. 
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Since, in this case, (8) goes over into 
C(n) — C(n — m) 2 A(m — 1) + Bim), 


Mr. Besicovitch’s estimate is a consequence of Theorem Ii. In this case, 
Theorem II implies inequalities that are analogous to those discussed above. 
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CONTRIBUTIONS TO THE THEORY OF THE DIRICHLET Z-SERIES AND 
THE EPSTEIN ZETA-FUNCTIONS 


By Cart Lupwic SIEGEL 


Introduction 


Let 
t 
= +argr (1+ = g + Ol ), 
+ tt) — 2 n* cos — tlog n) = R. 

The formula 
(1) R = 0"), 


due to Hardy and Littlewood’, is important in the theory of the zeta-function. 
This formula contains the main term of an asymptotic expansion of ¢(} + ¢) 
for t — «, which had been discovered already by Riemann, but was not pub- 
lished’ before 1932. Riemann’s formula is 


k k+1 
(2) R=(-1)"" (Cot Cit? +--+ Ra), Ri = 


where k is an arbitrary integer 2 0 and Cy, Ci, --- , C; denote certain bounded 
functions of t, e.g. Co = cos + / cos u = —v-—4. This 
has been used by Titchmarsh’, with k = 1 and numerical bounds of R, , for the 
calculation of the zeros of ¢(¢ + tz) in the strip 0 < ¢ < 1468; he found that all 
1041 zeros lie on the critical line ¢ = 3. 

Kusmin‘* generalized (1) for the case of an arbitrary L-series, L(s) = 


> x(n)n™, where x(n) denotes a proper character modulo m = 1. In the 


n=. 


1G. H. Hardy and J. E. Littlewood, The zeros of Riemann’s zeta-function on the critical 
line, Math. Zeitschr. 10, pp. 283-317 (1921). 

2C. L. Siegel, Uber Riemanns Nachlass zur analytischen Zahlentheorie, Quell. u. Stud. z. 
Gesch. d. Math. B2, pp. 45-80 (1932). 

3E. C. Titchmarsh, The zeros of the Riemann zeta-function, Proc. Roy. Soc. London A 
151, pp. 234-255 (1935), and 157, pp. 261-263 (1936). 

4R.O. Kusmin, Sur les zéros de la fonction ¢(s) de Riemann, C. R. Acad. Sci. URSS (N.S.) 
2, pp. 398-400 (1934) (Russian. French summary.); R. O. Kusmin, Zur Theorie der 
Dirichletschen Reihen L(s), Bull. Acad. Sci. URSS (7), pp. 1471-1491 (1934) (Russian. 
German summary). 
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present paper, I prove the analogue of (2) for L(s); the result (Theorem 6) is 
of the same form as (2) and contains, of course, (2) as the special case m = 1, 
My proof is somewhat simpler than my former proof of (2). It starts from a 
representation of L(s) as the sum of two particular integrals (Theorem 4), 
obtained in a different way by Kusmin; the corresponding theorem for ¢(s), 
discovered by Riemann, was published in my edition of Riemann’s manuscripts 
on analytical number-theory. Using a simplification of my former method, 
remarked by Kusmin, I prove then the following two theorems: 

Let A(t, , t2) denote the number of different zeros of odd order of L(s) in the 
interval 4, < ¢ < t, on the critical line s = } + t. If t, is a function of ¢ satis- 
fying the condition ¢’ log t = o(t — t,), then 


(3) lim inf A(t, t)/(t t) = 


where y = m/zeg(m) and ¢g(m) is Euler’s function. 
Let B(t, , , denote the number of zeros of L(s) in the rectangle t; < t < tr, 
Iftlogt = o(t — t) and = o(log log t/log 2), then 


(4) lim inf B(t, t, — = 


Hardy and Littlewood proved that (3) holds in the case of ¢(s) with a positive 
constant y, provided t* =, O(t — t:) with constant \ > 3; however, they did not 
determine an explicit value of y. The value y = m/zeg(m) is better than the 
values formerly obtained, in the case ¢; = 0, by me for ¢(s) and by Kusmin for 
an arbitrary L-function. 

The interest of (4) consists in the condition « = o(log log t/log t) for the 
breadth of the rectangle. In the well-known theorems of Littlewood’ and 
Carlson’, this breadth is subjected to the conditions log log t/log t = o(e) and 
1 = Ofe). 

The second part of the paper is concerned with similar problems for certain 
Epstein zeta-functions, whereas the methods are quite different. Let Q(x) = 
, be a positive quadratic form of k variables, S its matrix, D its 
determinant and ¢(s; S) the Epstein zeta-function defined by the series ¢(s; S) = 


> Q(n)* (. > : , Where n = (m, --+ , %) runs over all lattice-points in the 


k-dimensional space with exception of the origin. The function (« _ 4) ¢(s; S) 
is regular in the whole plane, and n(s; S) = x “T(s)¢(s; S) fulfills the functional 
equation (s; S) = — 8; . Obviously ¢(s; = ¢(s; S), 
for any unimodular matrix € with k rows; hence ¢(s; S) = ¢(s; S”), if S itself 


5 J. E. Littlewood, On the zeros of the Riemann zeta-function, Proc. Cambridge Philos. 
Soc. 22, pp. 295-318 (1925). 

°F. Carlson, Uber die Nullstellen der Dirichlet’schen Reihen und der Riemann’schen 
¢-Funktion, Ark. Mat. Astr. Fys. no. 20, 28 pp. (1921). 
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is unimodular. The functional equation shows, in this case, that n(s; S) is 
real on the line ¢ = + which corresponds to the critical line « = 4 for the zeta- 


function. This holds in particular for S = &,, the unit matrix of k rows; put 
= The formula £:(s) = 2¢(2s) suggests that the distribution of 
the zeros of ¢;(s) might be analogous to that of ¢(s) itself. Generalizing Hardy’s 
first proof of the existence of an infinite number of zeros of ¢(3 + t), Landau’ 


obtained the same result for all ¢ ¥ + ui). He did not notice that, in the 
special cases k = 4, 8, his theorem is an immediate consequence of the formulae 
(5) f4(s) = 8(1 — 2° )¢(s)¢(s — 1), = 16(1 — 2°* + 2°™)¢(s)g(s — 3) 
following from Jacobi’s theorems on the number of decompositions of an integer 


into 4 and 8 squares; obviously ¢4(s), ¢s(s) have on the critical line ¢ = : exactly 


0, + 1,---). For other values of k, however, there is no such obvious reason 


for the existence of the zeros. My results depend upon two theorems con- 
cerning the Epstein zeta-function for arbitrary integral S: 
If S and S;, belong to the same genus, then 


k 
(6) S) — SG) = log 10(1 + a”), 


Let S,, --- , Ss be representatives of the different classes of the genus of S, 
let E(S) be the number of units of S and 


10) = me) 


define 


b n(mod b) 


where a, b are coprime positive integers and abQ(x) is an even quadratic form; 
then 


k 
= 


7 E. Landau, Uber die Hardysche Entdeckung unendlich vieler Nullstellen der Zetafunktion 
mit reellem Teil 3, Math. Ann. 76, pp. 212-243 (1915). 


is 
1. | 
t), 
d, 
he 
is- 
| | 
ot 
or 
id 
in | 
|) 
2) 
a,b 
» | 


146 CARL LUDWIG SIEGEL 


The proofs of these two theorems use the theory of modular forms and the 
analytic theory of quadratic forms. The formulae (6), (7) contain an analogue 
of (1); it is easy to deduce the following statements: 

Let A(t,) denote the number of different zeros of odd order of ¢(s; S) in the 


interval 0 < ¢ < ton the line s = + ti. If belongs to the genus of , then 


(8) A() > “log 2 + O(1) (k > 8). 


Let B(t) denote the number of zeros of ¢(s; S) in the rectangle 0 < t < t, 
2<c08 ; — 2. If S belongs to the genus of & , then 


(9) BW) = “jog 2 + O(1) (k = 12). 
Obviously, (8) and (9) correspond to (3) and (4). The consequences are 
much more precise; it follows immediately, for k = 12, that the zeros of ¢(s; S) 


in the strip2 So : — 2 are simple and lie on ¢ = with at most a finite 


number of exceptions. In the cases k = 4, 8, the zeros of ¢(s; S) ono = : are 


completely known, by (5); it is possible to discuss also the remaining cases for 
3 < k < 12, but this requires some numerical computations and we omit it. 
For the function ¢3(s), however, our method does not lead to any result. 

Since the number N(t,) of all zeros in the strip 0 < ¢ < & satisfies N(t) = 


. log ¢t + O(t), it follows that most of the zeros of ¢(s; S) do not lie in the neigh- 


borhood of ¢ = ‘ , if S belongs to the genus of ©, and k = 12. 


Part I: L-sERIES 
1. Asymptotic expansion 


Let o1 , o2 be given real numbers, o; < o2, and s = o + éi a complex variable 
in the half-strip «1 S o S o2,t 2 2. If P,Q ¥ 0 are functions of s and some 


parameters p, u,n, --- , then the formula P = O(Q) means that P/Q is bounded 
in the half-strip, uniformly with respect to the set of values of ail parameters 
p, u, +: except n. The symbols R{c}, S{c} denote real and imaginary part of 


a complex number c, and @ is the conjugate complex number. We define 


r= = +i = via + 00"), 
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with the principal value of 2° = e~*' *; moreover w is a real variable, p is a 


positive parameter satisfying the condition p = + + O(1) and cq, --- , ca are 
certain appropriate positive constants. 
LEMMA 1: 


g(p + «u)/g(r) = O(e*™). 
Proor: Let 7 ‘(eu + p — =v = |v] e*, S a < 2; then 
(10) v = t*(eu + O(1))(1 + O)), 


whence = argv = 5 sign u + O(u) + O(t"), cosa > —3 
t > cs) and (rv)” = iu? + (|u| + 1) O(1); moreover 


(11) (t > 6). 


Put 


"wt+2 


=v+ — log (1+) =] w dw, 


where the integration is performed over the segment w = re‘*,0 <r < {v|. 
By (11), » = v°O(1); on the other hand 2) 


8r cosa + 2 


Ria} = 0 
9 2 2 

2 | rdr = (Uw > > 
Therefore 

= + O(|u| +1) > ew? (u? > t > 

and 
(13) = S cz). 


Since g(p + ew) = g(7r)(1 + v) te", the assertion follows from (11), (12), (13). 
Consider now v as an independent complex variable and define 


(14) h = h(v) = v — 4° — log (1 + 2) 
with the principal value of log (1 + »), 
(15) vv) = (1 + v) 


The function ¥(v) is regular in the cirele | v | < 1, let 


vio) = Ano” (ol <1) 
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be its power series and 


n—1 


= Rao) = (0) Sa) (n = 0,1, 
Lema 2: Let u be real and v = r (eu + p — 7); then 
Riv) = (jul + 1)"0(*) (uw? et’), = eet), 


Proor: By (14), the function v “h(v) is regular in the circle | v | < 1 and con- 
sequently bounded for | v | < 3, hence 77h(v) = O(1), ¥(v) = O(1) ({v| S 4), 
Applying the formula 


1 v"p(z) 


Qari 2"(z — 0) 


| | =| 


p/ 


with p = 3¢%,|v| < 4, we obtain 


(16) R,(v) = (jv | < cot). 


Moreover An = “(Raia — = + ti) < cot whence 
A, = oli), 


(17) = OU + Jo 


By (10), the condition | v | < cot is satisfied for v = + "(ew + p — 7), whenever 
u’ < cst’. The assertion follows from (10), (16), (17). 

Lemma 3: The coefficients A, = A,(r)(n = 0, 1,---) of the power series 
v(v) are polynomials in 7° of degree < 5 satisfying the recursion formula nA, + 


(n — + i’ Ans = 0(n = 1,2, --- ) with Ap = 1, A4 = Aa = 0. 
- Proor: The function y = y(v) fulfills the differential equation 


whence 


nAn + (n — 1)An-1 + 14,1 + ir’ An_3 = 0 (n = 1, 2, ---), moreover Ap = 
¥(0) = 1; q.e.d. 
Let f(u) be an integrable function of the real variable u and 


(18) | f(u)| < ee Cu <1,¢n < 1. 
Setting ew + p = z, we define 


F(s) = g(z)f(u) du, B, = —7r)"f(u)du (n=0,1,-°°). 


Li 


with 


F(s) 


wher 


(19) 


= 
Pr 
(14), 
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LEMMA 4: 


Proor: Introducing again v = tT (u+p— 7) =7 (2 — 7), we have, by 
(14), (15), g(z)/g(r) = e***y(v). We use the decomposition 


= du — ff * du 


with a’ = cst’ and obtain, by (18) and Lemmata.1, 2, 


F(s)/als) — = au 


4 


4 [ du + [ du 


= + + = ol 4); 


q.e.d. 
We write P =~ 2 Q.7 as an abbreviation for the formula P — >> Q,r* = 
n= k=0 


O(r ")\(n = 0,1,---). It is easily seen that the relation P ~ Q has the 
following simple properties: If P =~ Q and P* = Q*, then P + P* = Q + Q* 
and PP* = QQ*, where Q + Q* and QQ* are sum and product of the formal 
power series Q, Q*; if P = Q, then P"' = Q™, whenever the first coefficient 
Qo of Q satisfies the condition Qo’ = O(1). 

THEOREM 1: 


F(s)/g(r) = 
where 
3k 
(7), = [ f(u) du 
l=0 


with numerical coefficients ya; in particular yoo = 1. 
Proor: Since 


e &(7+y) = ef du, 
we find 


| 

| 
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a homogeneous linear function of the derivatives (r)(l = 0, , with 
numerical coefficients; moreover z — 7 = eu + O(1) and consequently ®” (7) = 
O(1) (n = 0,1, --- ). On the other hand, by Lemma 3, the expression A,7* 


is a polynomial in 7 ' of degree < k which does not contain the powers r ” for 
3n—1 3n—1 


Therefore >> A,B,r* = >> where is a homogeneous 
k=0 k=0 

linear function of (7) (l = 0, --- , 3k) with constant coefficients and inde- 
3k 

pendent of nfork <n. Writing = Ty = (7) (k = —1) 
i=0 

3n—1 
and applying Lemma 4 with 3n instead of n, we obtain F(s)/g(r) = & A,Byr* 


n—l 


+ O07") = + OG") (n = 0,1, ), where To = qed. 


2. Properties of the coefficients 
In order to get simple recursion formulae for the coefficients yi. , we introduce 
the formal power series 


(20) d= d(T) = (1 = 0,1, 
T being an indeterminate; and define d_; = d_, = 0. 
Lemma 5: 


n(n + 1) 
2 


+ nTd, + = 0 (n = 1,2,-->). 
Proor: By (19), 


(7) = 1, T* = DY 
n=0 k=0 k=0 


whence 


k=n 
We write A,(T)(—2iT) “k! = = G, with another indeterminate y; 
k=0 


then the coefficients h, of the formal Laurent series L = ¢'”G = >> hay™ 


are formal power series in 7”", and by (21), 
(22) d, = h,/nt 


Using Lemma 3, we obtain the recursion formula TG,41 + AG + s) G, + 


LE 


PR 


conse 


For f 


F(s) 


Ther 


n(n — 
equati 
Settin 
| (23) 
The a 
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n(n — 1) 
8 
equation 


Gr» = 0 (n = 0, a, ** -); hence G satisfies formally the differential 


TG —1)- AG 4 =0. 


Setting G = we find (T + + 3(y“L)” = Te™, 


The assertion follows from (22), (23). 
Let | 
Lema 6: 


d;(r) 


aB = do(r), 


Proor: In the special case f(u) = 1, we get 
1-s ri 
F(s) = Fo(s) = g(a) du = 72? / 
by) = doy) = [oP du = 


consequently, by Theorem 1 and (20), 
Fo(s)/g(r) = = Vx do(r). 


For f(u) = eu, we obtain in the same manner 


F(s) = Fils) = @)(@ p) du = 1) — pus), 


oy) = sy) = —pdu=y—p) 


F,(s)/g(r) do(r)®1(r) + di(r)®i(r) = Vx {(7 — p) do(r) + 
Therefore 


) 
k 
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= nae? (4) (l+e™)r (3) r (: 5 


= ra “/(l+e™) = ra “(1+ O(e")). 
This a” = Moreover 


whence a8 = d)(r); q.e.d. 
The coefficients a,, , b, of the power series 


_ = An on ct Da 


may be calculated from the recursion formulae 


on the other hand 


1)/Fo(s) 


(5 0 =o (n = 1,2, 


with ay) = bo = 1. 
7: 


Proor: Let R{é} = 4, 4; then 


dlog _ | — _ du 


—hu 
-1. 
+ e (u =) du 
= log (§ — 4) — (4€ 1) '+/ au 
log '(é) = (€ — 3) log (€ — 2) — (€ — 2) 

with constant On account of the formula + 4) = Wx 2° “1(28), 


the passage to the limit > ~ gives the value c = 4 log 2x. Applying Cauchy’s 
theorem, we obtain 


log (5) = > (5 + 5 log 2x 


where 


are av 


log ( 


we in 


and tl 
(25) 
where 
| (26) 
1 > An le b 
| (9) 
bo = 
i.e. ( 
4 
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+if 
4 Jo COS & sin x x 


where the poles « = wed (k = 1, 2, --- ) of the integrand on the positive real axis 


are avoided by small half-circles to the left; hence 


‘ _i¢ Qn (9 Dn 2)\1-2n 


and the assertion follows from the definition of w, © in (24). 


THEOREM 2: 

3k 
(25) (s)/g(t) = Ge = De ®(7), 
where the coefficients gi. are rational numbers computed from the recursion formulae 
(26) 62=61=0, 8 = (| — do)T, 

2T 1 
(27) = — 1) (n = 2, 3, )s 

oT) Dery", =1, 
n=1 
(28) 
k n — — eee 
a, = 0 (n 1, 2, 

(29) bn = gen (n = 0,1, ---). 


n 


Proor: Defining 0(7) = } (27°) = (n = 0,1, 
n=1 n(2n —] 


) 


we infer from Lemmata 5, 6, 7 that 


+ + = O (n = 1, 2, ---), 


ie. (26), (27), (28). Formulae (25), (29) follow from Theorem 1, (20), Lemma 
7. By (26), (27), (28), (29), all coefficients gj: are rational numbers. 
We find in particular 


1 


1 1 
G = (7), = 383 (7), G2 = + 3? (7), 
G; = — (7) 6° (7) — & (7), 
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11 
2437.5 


1 
35 


1 19 
= + (r) + 6° (7) + (7), 


We shall use the symbol 2() to designate the asymptotic series >> G7“. 
k=0 


3. Calculation of some integrals 
By the sign 1 “ 1 + 1 we mean that the integration extends over a line x = 


eu + a, where a is a given real number in the interval 1 <a <1+1,¢€=e 
and u runs through real values from + to —«. Let q be a positive integer 
and £ a complex parameter. 


Lemna 8: 
ctg rx dx = + a, tg 


with constant a,, , aq. 
Proor: We denote the integral by J and apply Cauchy’s theorem; then 


i ctg rx dx 


22 1/0 


26) 1 1) ctg TX ac}. 


2i 10 

Since 
a © 1) etg wz = Bre Bo = By = O<k<4q) 
and 

2 1/0 ’ 
where 


—} —nz2 
dx = —eg 


(30) b= de = [ 


is independent of £, we get 


1/0 


(31) (1 — = 4 Br 
k=0 
with 


(32) n= Br (-1)" (k 0, q): 


On the 


(33) 


where 
and 7 
from | 

LEn 


Pre 


(34) 
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find 


(35) 


“ | 
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On the other hand, 
k 
k=1 — €& k=1 q 
where a, a, °** ,Qq are certain constants and «& = e”'%, Choosing 7 = 0 


and 7 = ~, we find 2a) = Br — po = (8, — Bo) b = 0, and the assertion follows 
from (31), (33). 


LemoMa 9: 
(n — qeven). 
k=1 
Proor: Take ~é = Md and apply (31), (32); then 
n k2 kn at 


and the assertion follows from (30). 
We introduce a proper character x(n) modulo m 2 1 and define 


2m n2 


W(x) = ctg > C=C(x) = xine", 


THEOREM 3: 


_ 
[ W(x) de = §— Ce ™ HE. 
0/1 


Proor: Apply Lemma 8 with g = 4m, replace x, by , multiply 
a 2m 2m 
by 2nix(n)e ™ and sum over n from 1 to 2m; then 
(a4)? _ < (gn)? 
W (a) dx = x(n)e 
2m 4m k 
k= 2m 2 


2 2rin 


k 


with constant \1,-°-*, Aum. Performing the passage to the limit § — 9° W 


find \, = 0 (k odd) and 


oben 
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Since 
(36) “ae = CRD, 
the assertion follows from (34), (35). 

We set 


12 kl 


ri 


Lemma 10: 
Tri 
Cy, = (k =1, --- ,8m), 


Proor: The assertion is trivial if k — misodd. In the other case, by Lemma 
9 and (36), 


m 

1 


m n2 kn m 12 kl 
n= 
= —8mie mi: 


q.e.d. 


Lemma 11: If 1 ts divisible by m, then 


1 (rt)? 
em 
Jiyi4i 


(—1)' 2 —ri +228 (pin)? = ( 


W (x) dx 


Proor: Apply Lemma 8 with = 8m, replace x, by : 


multiply by x(n)e " ™ and sum over n from 1 to 2m; then 


1 —t)2 
W(x ) dx x(n Je” 
.n2 8m k 


with constant yi, Yan - Performing the passage to the limit we 


THE 


morec 


find 
(38) 
Since 
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find ye = 0 (k — m odd) and 

Since W(x + 1) = (—1)'W(a), the assertion follows from (37), (38). 


4. Generalization of Riemann’s formulae 
It is well-known that C has the absolute value m'. We define 


a » wi 


2 
u(s) = r (° *) Ns), L(s) = x(nn* > 1). 


THEOREM 4: 


»(™) r (? *) L(s) = u(s) + — §). 


8 
lies 


e— loo 
0 


n=1 


= x(n) (==) (7) L(s), 


consequently, by Theorem 3 and the formula ss = —x(-—1)W(a), 
2r Jo 


moreover 


and the assertion follows. 
Set 
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k 


8m 
_1)! 
+ note 5-4). 


4 
THEOREM 5: 


Proor: Putting =b,p= (1+ )b",2 = wt = bzand f(u) = 


* = W (3 + ebu), we infer from Cauchy’s theorem that 


1 ri, 


By Lemma 11 


+(-I' (oy *) = 20), 


and the assertion follows from Theorem 2. 


We define x(n) = e'*", if n and m are coprime, eae =e" . 
V(y) = sin)—\a + n ton t 


sin 27 ¢ + ™) (nym)=1 


THEOREM 6: 


t 
e’L(s)=2 log n) + (7*) R, R= Q(%). 
n=1 
(n,m)=1 


Proor: By (24), 


Ts 


2 


where c = 1 for a = 0 and c = tg’ — for a = 1 and consequently ¢ = 7? + 


O(e** 


v= 0 


satisfy 
and (¢ 


(s 


By Le 


hence 


vy) = 


q.e.d. 
For 
5, nar 
(40) 
obviot 


(41) 


p run 
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(43) 


LE) 
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O(e™'). The functions 


satisfy = — §) and »(s) = »(1 — 8). It follows from Theorems 4, 5 
and (39) that 


e’L(s) = — 8) 


=2 > n'cos(8 + a, — 7 log n) + 
1 


si (2a—1) 


 (—1 Vy) = oy) + 
By Lemma 10, 


wi ri ri 
= (2a—1) (2a—1) = (2a—1) 


pe (ve + €* = 0; 
hence 
m 
vy) = 


q.e.d. 
For our further purposes we need Theorem 4 and the main term in Theorem 


5, namely the formula 


(40) + r= [4/2]; 


obviously 
(41) log A(s) = log (L(s) + O(€")) = (= 3), 


p running over all prime numbers and k over all positive integers. Moreover, 
by Lemma 7 and (39), 


(42) = log O(1) = log + O(1), 


(43) je" |= 711+ = o(@ 


5. The zeros of L(s) on and near the critical line 


Lemma 12: Let h(s) be a regular analytic function on a segment C and 6 the 
variation of arg h(s) on C, where the zeros of h(s) on C are avoided by small half- 
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circles to the left; let N be the number of different points on C, where the real part of 
h(s) changes its sign; then 


(44) 
vis 


Proor: Assume first that h(s) # 0 on C, then arg h(s) is continuous on C and 


runs over an interval of length = |6 |. The number of odd multiples of js in 


the interior of this interval is = — 1;hence N = [3 | —-12 
Tv 
Let now s = s,(k = 1, --- , ) be all zeros of h(s) on C, every zero written 


with its multiplicity; let a be the angle between C and the real axis, a = e'*; then 


hi(s) = h(s) )is regular and ¥ OonC, R{h(s)} = Rfhi(s)} II € 


a 
Denoting by 6; the variation of arg hi(s) on C, we have 6; = 6 + mm and 


therefore, if the real part of h:(s) changes its sign exactly N; times, V; = 5... l= 
T 


We define 6(s) = eA(s) = p r 


by Theorem 4, 
(45) se" L(s) = R{B(s)} (o = 3). 


Lemma 13: Let 6(t), 6:(t) be the variations of arg 8(s), arg X(s) on the segment 
s = o+ ti, the real part o running increasingly or decreasingly over a given interval 
o3 So S o4; then 6(t) = O(log £), (t) = O(log 2). 
Proor: Consider the function y(z) = 3A(z) + 4 A(2ti + Z) in the circle 
By (40), 
ly@|< +007) = 00%), 


y(20) = R{A(zo)} > 2 — + > ex (t > crs). 


On account of Jensen’s theorem, the number of zeros of y(z) in the circle 
|z — z | S ris therefore O(log). This circle contains the segment z = o + ti, 
o73 So So, andy(o+ tt) = Ri{A(o + tz)}; consequently the number of zeros 
of R{A(o + ti)} on the segment is O(log t). By Lemma 12, the variation 
6:(t) of arg A(s) is O(log t). By (42), the variation 6.(¢) of arg e” = Rid} is 
O(1). Since 6(t) = + the assertion follows. 

We denote by A(t, f&) the number of zeros of odd order of the function 
L(4 + ut) in the interval t; < u < 4, where0 < 

Lemma 14: Let oo be any number in the interval 0, S « < 3; then 


— oo)A(ti,t) > — log | B(ao + uz) | du + O(log 


PRO 


ginnin 
tive di 
Then 


where 


(46) 
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Proor: Assume that a function h(s) is regular in the rectangle o, S o S o2, 
i, < t S te. , We define arg f(s) on the contour by analytic continuation, be- 
ginning at the point s; = o; + 47 and running through the boundary C in posi- 
tive direction, where zeros of h(s) are avoided by small half-circles to the left. 
Then 


where p runs over all zeros of /(s) in the interior, whence 


-3{f log h(s) as} = 27 (R{p} — = 0, 
(46), ° 
/ log | h(o1 + ti) | dt + / arg h(o + t27) do 
ty 
> [ log | h(o2 + ti) | dt + f" arg h(o + ti) de. 


Applying this inequality with h(s) = B(s), 01 = oo, 02 = 3 and with h(s) = X(s), 
o, = 4, o2 = 3, we obtain, by (41) and Lemma 13, 


t 
| + wi) | du 


t 
(47) +f arg B(o + ti) do > / log | 8(3 + uz) | du + O(log 2), 


t 
/ log | + ui) | du > O(log 2). 
ty 


Let 6 be the variation of arg 6(3 + uz) fort: S u S t; then, by (45) and Lem- 
mata (12), (13), 


(48) arg B(o + ti) = 6 + O(log t) < wA(h, t) + Ollogt) (oo So S 3); 
moreover | 8(3 + ut)| = |A(} + This proves 


t 
log | B(oo + wi) | du + — o0) A(t, t) > Olog 2); 
1 


q.e.d. 
Lemma 15: If o1 < < }.and?t logt = o(t — ty), then 


(39) log | + wi) | du < (toe 4 o(t)). 


Proor: Lett — t; = A,r = r(t) = | x(n)n-* = o(s), then 


(50) [ log | B(o + ui)| du S a tog (a7 | B(o + ut) | au), 


} 
ad 

on 
id 
nt 
). 
is 
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and by (40), (43), 
1 
(51) + wiy|au < + ui) | du + AO(t*). 
Suppose first ¢ < 2¢, and set 
mu 
(mrs + ut) | du = H. 


Since 
r(u) 


we obtain 


t o—} 
A? H’ at | | + ui) |? du < _ (1 + o(1)) 


m(1 — 2c) 


lsk<ngr 


2 
) = r(t). Moreover 


t tu 
[x (8) w= + 
n 


where = max (a, 


log 
and 
kez 
= O(1) > 4. O(1) log n = O(t'” log t). 
n= n=1 
Hence 


and the assertion follows from (50), (51). 


Consider now the remaining case t = 2t,. We set log ; / log 2 =h, [h] +1 
kl 
= ho and apply (49) for the ho intervals S wu S Ue = t 2% (k = 
0, --+ , 9 — 1); the assertion follows by summation over k. 
TuroreM 7: If log t = o(t — t), then lim inf A(t, , t)/(t — t:) 2 m/meg(m). 


wher 


then 


Pr 
q.e.d 
W 
t<i 
Tr 
(52) 
and 
(63) 
Or 
by 
Ay 
me 


1 


n). 
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Proor: Apply Lemmata 14, 15 with = = then 


t— 


0(1)); 


2 


— >- (loge + o(1) = 


q.e.d. 

We denote by B(t,, t2, €) the number of zeros of L(s) in the rectangle 4, < 
< <b). 

THEorEM 8: If t log t = o(t — t) and e = 0 (log log t/log #), then 

lim inf B(t,, t, — 4)t’ 2 m/A4meg(m). 

Proor: Let B*(t,, be the number of zeros of L(s) witha 23+ 6h < 
t < and put B(t, , t, e) = B, B*(t,t, = B*, t) = A. Wehave 
(52) B2A 


and 
4 jog 
(53) B+ Ji, log du + O(log t) > log + O(log 


On the other hand, by (45), 
| + 2 | + = 3|LE + 
by (46), 
t 
tog | + ui) | du > 2xeB* + O(log 
ty 
Applying (47), (48) and Lemma 15, we obtain 


— > — Alog 2 — (tog o(t)), 


where < }andA=t—. Set 4re B*A = 7 and choose 


2¢(m) 
ne 


c= 


then 
m 


Ae” "(1 + o(1)). 
By (52), (53), | 


> max { 4 o(1)), log = on} + A‘O(log 2). 


2¢(m) 
Putting 
mt 
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we infer that 


mt 4 
= (=) (1 + o(1)) = + o(1)) 
whence 
27A B> (1 + o(1)); 
q.e.d. 


Part 11: EPSTEIN ZETA-FUNCTIONS 


6. Modular forms and Dirichlet series 


Let @(z) be a modular form of weight g, with the multiplier system 
v = v(a, b, c, d) for a subgroup A of the modular group I, of finite index; this 
means 


(ac +b\ 
(54) (cz + d) = vb(z) 
for all substitutions in A,-and 
(55) (cz + = =Daee’ (3{z} > 0) 
C + d n=0 
for all substitutions in I’, where the coefficients a , a, , --- depend upon a, b, 


c, d and q is a uniquely determined positive integer. The modular form (2) is 
called a cusp-form, if a = O for all modular substitutions. 

With any modular form (z) we may associate a Dirichlet series 5(s) i in the 
following way: We consider the expansion (55) in the case of the identical 
substitution, 


(56) &(z) = , 
and define 
Lemma 16: Let &(z) be a modular cusp-form of weight g, and let all its multipliers 
have the absolute value 1; then &(s) is an entire function and #(s) = t! log t 
+ 


PROOF: 4 is known that a; = o(2), hence (57) converges at least in the half- 


planeo >2+1. Lett >2,a=e%*”, I'(s)@(s) = ¢(s); then 
2 2ra 


(58) 


If 
stitu 
men 


Now 


(59) 
On t 
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(60) 
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(58) 16 (ar) dr. 
0 


If y denotes the imaginary part of z, then y? | 6(z)| is invariant under the sub- 
stitutions of A, by (54), and vanishes in the parabolic frontier-points of a funda- 
mental domain of A, by (55), whence 


| B(z)| < ers 


Now S{ar} =r sin > and consequently 


(59) IB(ar)| < 
On the other hand, by (56) and the corresponding formula (55) for the substitu- 
tion z —z', we obtain, since = sin 
(60) |®(ar)| (r= 2), |d(ar)| <cyr%e (r St’). 


We use (59), for £' < r S t, and (60). It follows that ¢(s) is regular in the 
whole s-plane, by (58), and that 


= +? + 2°) log t + = (log iO(1+t"”). 
Since ) T(s) = the assertion is proved. 


7. Application of the analytic theory of quadratic forms 
Let S be an integral positive symmetric matrix with k rows and denote by 
a(n) the number of integral solutions r of r’Sr = n, where n is any integer. It 
is known that f(z; S) = f(z) = >> a(n)e™” is a modular form of weight : whose 
n=0 
multipliers are roots of unity depending upon the genus y of S; moreover, if 
also S, belongs to y, then the difference f(z; S) — f(z; S:) is a cusp-form. The 


corresponding Dirichlet series fis) = a a(n)n © = ¢(s; S) are Epstein zeta- 
n=1 


functions. On account of Lemma 16, ¢(s; S) — ¢(s; G) = # log (1 + 


whenever &, are in the same genus. 
Let GS, --- , S, denote en eomaipne: of all different classes of y and define 


= Fe) = Pe) = 


) mh 

e 

t 
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where E(S) denotes the number of units of S. Since 


l= 


we infer 
THEOREM 9: 


k 
S) = Z(s; vy) + log t + 


The matrix © is called even, if a(n) = 0 for all odd integers n. Let D be the 
determinant of S and define, for any pair of coprime integers a, b and b > 0, 
k 


1 


t mod b 


if ab S is even, and H () = 0 otherwise. 


THEOREM 10: Jf 1 <o < 1, then 


2 


where a, b run over all pairs of positive coprime integers. 


Proor: Put oy T'(s)Z(s; y) = g(s); then 
k 


where the integration is extended over the positive imaginary axis z = iy. 
It is known that 


(61) F(z) -1= a (2) (bz — (k <4), 


H(5) 


k 
Since the sum >. (a’ +b’) 4 a y 2) is a dominant series for the expansion 
a,b 


where a, b run over all pairs of coprime integers with b > 0, and that s i. 


(61) with z = iy, we obtain 


= Dale (be — a) 


(62) 
4 — 1) (. > 


for an 


the as 
Hen 
exactly 
there « 
THE 


= 
< 
sume 
Y= 
a,> 
Z(s;-y) = rG > (2) a(=")} and ec 
(5) an b b Perfor 
T 
2 
where 
ri k 
a 
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forany Y > 0. The last term in (62) is an entire function of s. Now 


= 0 40 0 


-; 


for o > 1; therefore the infinite series in (62) converges uniformly for 1 < o, S 
o < o2 and any fixed Y > 0. This proves that (62) holds good fore > 1. As- 


sumel <a < . — landuse (63) with Y™, : — a instead of Y, o; it follows, for 
Y = 1, that 


k 
y (by a’) dy 


(63) 


o 


and consequently the series in (62) converges also uniformly with respect to Y. 
Performing the passage to the limit Y — ~, we obtain 


+H [ 2” "(be + (1 ge< 


where a, b run over all pairs of positive coprime integers. Since 


k 


the assertion follows. 

Henceforth we assume D = 1. If k is not divisible by 8, then there exists 
exactly one genus, the genus y; of the unit matrix €;,. If k is divisible by 8, then 
there exist exactly two genera, namely y; and a genus ve of even matrices. 

THEOREM 11: 


Proor: It follows from the known values of the Gaussian sums that 


= 1. By Theorem 10, 


72) = 


| 
| = 
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ve) = 20° cos ¢(s) s)/+(8) 
2 2 2)” 


and the assertion follows from the functional equation of ¢(s). 
THEOREM 12: 


k 
(64) Z(8; 74) = 7¢ s)} (1 1), 
where 


¥(s) = 2 Hoos 7 (2s — k) 


bas 1(mod 4) 
k 
+ cos (2s+k) xi(aja ? 
b= 3(mod 4) 
x(a) = denoting the Legendre-Jacobi symbol. 


Proor: We have H(#;44) = 0, if ab is odd, 
(ety? 
(65) n(2) = xt (2a) (a even, b odd), 
(=): = (? 
(66) = 6" H H 4 H (0 < a odd, b even). 
Define 


a,b 


even 


then, by Theorem 10 and (66), 
s) 
i 


On the other hand, by (65), 


k k b-1\? ri 
b odd 


q.e.d. 


If k 
Theore 


whence 


y(s) = 


= 


with L. 
f(s), L 


Z(8; Yx) 


Z(s; Ye) 


For 
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visible 


square 
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If k is even, then (64) may be expressed in a different way, analogous to 
Theorem 11. Obviously 


k(b—1) k 


¥(s) = 2” 2 cos (28 —k) (-1) * a’ 2b” (k even), 
boda 


whence 


v(s) = (2s — s) ¢(s)(1 — 27) / 23) 


(k = 0 (mod 4)), 


W(s) = 2° cos (2s — s) L_4(s) / (5) (k = 2 (mod 4)), 


with L_s(s) = a (—1)"(2n + 1). By (64) and the functional equations of 
¢(s), L4(s), we obtain 


U(s; vx) = = 


{1-97 + (-1 (2 +1- (k =0), 


For odd values of k, the corresponding formula is more complicated. Let d 
be a discriminant, i.e. an integer such that either d = 1 (mod 4) and d not di- 


visible by any square ~ 1, or d = 8, 12 (mod 4) and : not divisible by any 


square ~ 1, and define La(s) = _ (‘) n °; then it follows from Theorem 12 and 


n=1 


the functional equation of La(s) that 


rip Z(s; yx)/¢(28) 


| 
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k 1—k k 
+ cos (s +1- La (« + 
d=1(mod 4) 2 


ak k k k 
+ cos — 2? + 8) («> 4), 
4 d=0(mod 4) 2 2 2 


where the summation extends over all discriminants d. This formula is of some 
interest, because it connects the L -series with the theory of the Epstein zeta- 
functions, but we do not need it for our further purpose and omit the detailed 
proof. 


8. The zeros of ¢(s; S) in the strip 1 <« < 


TueoreM 13: Let & be in the genus y; and0 < ¢ < ; — 1; then the number of 


zeros of S) inthe — 1 — eis finite. 


Proor: By Theorems 9 and 11, we have 
S) = Z(s; + tlog r)} 


= 72){1 + log 


a 1, namely s = 


and Z(s; yz) has exactly 4 — 2 zeros in the strip1 So S 5 


k 
3,8, 45-38. 


TuEoreM 14: Let S& be in the genus y; and k = 12; then all zeros of ¢(s; S) in 


the strip2 So - — 2are simple and lie ono = 4 with at most a finite number 
of exceptions, and the interval 0 < u < t contains exactly : log 2 + O(1) zeros of 


¢ + ui; z). 
Proor: By Theorems 9, 12, 


(67) 


k 
+ Blog t0(1 + (1 1), 


(70) 


with 


(71) 


Let | 


log g(s) 


values 
Lemmg 


ment s 


of zero: 


is the vy 


(72) 


| 
k 
(68) (5) = 
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+p s) + log (2 so 2), 


where 
st _* 
p(s) =e ® 2 ? >» xb(a)a xi(a)a’ 
b=1 4) b=3 4) 
wik k 


Pute * 2? ‘p(s) = 1+ R, then 
one k k 
b odd 
and consequently 


k 
2 *e% (1 + Ri) («= 5-2) 


rik 


(1+ R) (o = 2) 


with 
¢(2)¢ (5 2) 


|Ri| << 


-2)r@a - 2) 
+z i+ 5 
k\ -, k 
Let e8 S) / ~ s) = g(s); by (68), (70), (71), the function 


log g(s) — (s ~ ‘) log 2 is regular and bounded on o = ; — 2 for sufficiently large 


values of t, and the same holds for log g(s) + s log 20no = 2. Analogous to 
Lemma 13, it is easily proved, by (68), that the variation of log g(s) on the seg- 


ment s = o + ti is bounded, if o runs from 2 to - —2. Let B(t,) be the number 
of zeros of ¢(s; S) in the rectangleO <i<t,2S08 — 2; then 277 B(t,) 


_ is the variation of log g(s) on the contour, whence 


(72) = log 2 + O(1) (k = 12). 
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On the other hand, by the functional equation of ¢(s; S), we have 


k 
iy 
(5) 
where h(s) is regular on ¢ = ; and, by (67), 
k 
h(s) = p(s) + log t O(t~*) (k > 4). 


By (69), 
rik k k 
<-14+ + 2%) =1 > 8); 
hence 
log h(s) = ti log 2 + O(1) (-=4,n>8). 


Let A(t;) denote the number of different zeros of odd order of ¢(s; S) in the 
interval 0 < ¢ < 4, on the line s = ‘ + ti. By Lemma 12, 


A() > “log 2+ O(1) (k > 8), 
and the assertion follows from (72). 
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ON CONTINUOUS PATH-SURFACES OF ZERO AREA 


By Trsor Rapé 
(Received December 28, 1942) 


INTRODUCTION 


0.1. If a curve C, in terms of Cartesian coordinates 2; , 22, 23, is given by 
equations of the form 


(1) x(t), 2, 3, t’ ats 


then the points (21 , 22 , 23), obtained by means of these equations, form a certain 
point-set E. However, the length of the curve cannot be deduced from a mere 
knowledge of E. For example, we may assign F as a straight segment which is 
described, for suitable choice of the equations (1), several times in either direction 
while ¢ varies from ¢’ to t’’. Hence it is clear that the length of a path-curve, 
that is a curve determined by equations of the form (1), is determined by the 
manner in which the point-set F is described, rather than by the point-set 
itself. The purpose of the term path-curve is precisely to call attention to this 
fact. 

0.2. Similar considerations apply to surfaces. A continuous path-surface S 
is determined, in terms of Cartesian coordinates 2; , X2 , x3, by equations of the 
form 


(2) S: x; = 2,(P), = 1, 2, 3, 


where 2;(P), x2(P), x2(P) are continuous functions of the point P on the surface 
U of the unit sphere. The term path-surface has been proposed by C. B. Mor- 
rey (see Morrey [1] in the Bibliography at the end of this paper). In the litera- 
ture on the area of surfaces, the range of definition of the coordinate functions 
is usually taken as a plane Jordan region, rather than the surface U of the unit 
sphere. The discussion is quite analogous in either case, but it is more con- 
venient for our present purposes to work on the unit sphere. It will be also 
convenient to use vector notation. Instead of (2), we shall write 


(3) S: r= xP), Pel, 


where x stands for the vector with components 2 , x2, 23. 

0.3. Suppose there exists a triangulation 7 of U, comprised of (curvilinear) 
triangles A; , As, --- , Am , such that each A; is carried, by means of (3), in a bi- 
unique way into a plane rectilinear triangle A; in (21, 22, 23) space. In this 
case, we shall call S a polyhedral path-surface, and we shall designate by E(S) the 
area of S in the elementary sense, that is, the sum of the areas of the triangles A. 

0.4. It will be convenient to consider also another type of polyhedral surfaces, 
to be termed simply polyhedra, in contradistinction to the polyhedral path- 
surfaces defined in 0.3. Let again 7 be a triangulation of U, comprised of the 
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(curvilinear) triangles 6, , 62, ---,6,. With each vertex V of the triangula- 
tion T let there be associated a point V’ in (x1 , #2 , 73) space. With each triangle 
8; of T we associate the rectilinear triangle 6;, in (21, 22, 23) space, whose 
vertices are the three points V’ which were associated with the three vertices V 
of 6;. The triangles 6; constitute then a polyhedron $8 and the sum of the areas 
of 6;, 62, °°: , 6 is the area E(Y) of B. The usefulness of these definitions 
will become apparent in the sequel. It should be observed that we do not 
require that the correspondence between the vertices V and V’ be bi-unique. 
As a consequence, some or all of the triangles 6; may reduce to straight segments 
or even to single points. If this happens for a certain triangle 4; , then its area 
is taken as equal to zero. 

0.5. The definition of the Lebesgue area A(S) of the continuous path-surface 
(3) may now be stated in the following two forms which are easily shown to be 
equivalent. Let 


S.: r=2(P), Pe, 
be a sequence of polyhedral path-surfaces such that 
tn(P) — r(P) 
uniformly on U. Then 
(4) A(S) = gr. 1. b. lim E(S,), 


where the greatest lower bound is taken with respect to all sequences S,, with 
the properties just stated. The reader interested in learning about recent 
literature on the Lebesgue area A(S), may consult Radé [2]. 

0.6. Given a continuous path-surface S as in (3), and a polyhedron §, let us 
introduce a quantity d(S, 2%) which will in a sense measure the deviation of $ 
from S, as follows. According to 0.4, 8 arises from a triangulation T of U, 
comprised of certain curvilinear triangles 6; , 62, --- ,6,. For each vertex V of 
T, we have a corresponding vertex V’ of 8. On the other hand, to each vertex 
V of T there corresponds a point V by means of (3). We define d(S, $8) as the 
maximum distance between the points V’ and V for all vertices V of 7, plus 
the maximum diameter of the triangles 6, , 62, --- , 5, of 77. We have then the 
formula, easily recognized as equivalent to (4), 


A(S) = gr. 1. b. lim 


where the greatest lower bound is taken with respect to all sequences of poly- 
hedra $, such that d(S, 0. 

0.7. It is obvious that a continuous path-curve has zero length if and only 
if it reduces to a single point. The analogous question for continuous path- 
surfaces, to be referred to for brevity as the characterization problem, is of con- 
siderable complexity, and also of considerable importance as an apparently 
indispensable step in approaching various unsolved fundamental problems in 
the theory of the area of surfaces. The characterization problem has been 
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studied extensively by Geécze (see Gedécze) [1], [2], [3], [4]). His main contribu- 
tions are described in sections 3.16, 2.9, 2.14, 1.21, 3.5 of this paper. The recent 
work of Morrey on generalized conformal maps of surfaces (Morrey [1]) implies 
several interesting results concerning our topic. For example, the theorems in 2.8 
and 2.13 could be also deduced from the general results of Morrey. Since his work 
depends to a large extent upon conformal mapping and Lebesgue theory, it is 
interesting to observe that our methods are essentially topological, except for 
some very elementary details. The principal contributions of the present paper, 
as far as new results are concerned, are contained in the main theorem in 2.12 
and in the fundamental lemma in 2.1. 

0.8. As far as the general plan of approach is concerned, the present study is 
based upon the work of Geécze (see bibliography). However, our results are 
more comprehensive, and our statements and methods are far less involved. 
We shall make extensive use of two fundamental topological conceptions which 
were not available to Gedécze: first, the conception of the topological index, or 
order, of a point with respect to a plane closed continuous path-curve, and second, 
the conception of a cyclic element of a Peano space. The application of the 
latter to our problem was suggested by the work of Morrey who was the first to 
apply the structure theory of Peano spaces (see Kuratowski-Whyburn [1], also 
for further references) in the theory of the area of surfaces (see Morrey [1]). 
While the topological index has been a standard tool in the theory of the area 
for many years, various useful modifications were suggested to the author by 
the work of Eilenberg on the topology of the plane (Eilenberg [1]). 

0.9. For the convenience of the reader, we collect here some of the most 
frequently used symbols and terms, to avoid excessive cross-references. 

Sympots. U, 0.2; E(S), 0.3; E($), 0.4; A(S), 0.5, 0.6; d(S, B), 0.6; 2, 1.1; 
w, 1.20. 

Terms. Continuous path-surface, 0.2; polyhedral path-surface, 0.3; poly- 
hedron, 0.4; non-degenerate vector-function, 1.3; single-valued continuous 
argument, 1.5; condition (Arg), 1.6; indicator continuum, 1.7; indicator curve, 
1.8; associated Peano space, 1.16; dendrite, 1.19. 

In the preceding list, each item is followed by the number of the section where 
that item is explained. 


CHAPTER PRELIMINARIES 


1.1. In the sequel, only metric spaces will be needed. We shall use = to 
designate a Peano space, that is a space which is compact, connected and locally 
connected. 

1.2. Let x(P), x2(P), x3(P) be three continuous real-valued functions, where 
the point P varies on a Peano space 2. We shall designate by r(P) the con- 
tinuous vector-function with components x;(P), x2(P), x3(P), and we shall write 


= (a(P), Ped. 


1.3. The continuous vector-function r(P) is non-degenerate on = if it is not 
constant on any continuum containing more than one point. 


] 
- 
- 


176 TIBOR RADO 


1.4. We shall associate with the continuous vector-function zr(P) three con- 
tinuous complex-valued functions as follows: 


fi(P) = 22(P) + 
fo(P) = 23(P) + ix (P), 
f3(P) = + ix(P). 


1.5. Let f(P) be a continuous complex-valued function on the Peano-space 
~. Let C be a continuum on &, such that f(P) = 0 on C. If there exists on 
C a single-valued, continuous, real-valued function ¢(P) such that 


S(P) = |f(P)| (cos + isin g(P)), Pe, 


then 9(P) will be called a single-valued continuous argument for f(P) on C. The 
following facts are well known. 

1) If g(P), ¥(P) are two single-valued continuous arguments for f(P) on C, 
then on C the difference g(P) — y(P) is equal to a constant of the form 2kz, k 
an integer. 

2) If y(P) is a single-valued continuous argument for f(P) on C, and if k is 
an integer, then g(P) + 2kz is also a single-valued continuous argument for 
S(P) on C. 

3) If C is an are (topological image of the interval 0 S ¢ S 1), and if f(P) #0 
on C, then f(P) possesses a single-valued continuous argument on C. 

1.6. Let f(P) be a complex-valued continuous function on a Peano space &, 
and let C be a continuum on 2. We shall say that f(P) satisfies condition (Arg) 
on C, if for every choice of the complex constant ¢, such that f(P) # ¢ on C, 
the function f(P) — ¢ possesses a single-valued continuous argument on C. 
Here and in the sequel, the term complex is used to mean complex or real, as 
usual. 

1.7. Let r(P) be a continuous vector-function on a Peano space 2. A con- 
tinuum C on will be called an indicator continuum for r(P), if at least one of 
the associated functions fi(P), fo(P), f3(P), defined in 1.4, fails to satisfy condi- 
tion (Arg) on C. 

1.8. If an indicator continuum is a simple closed curve (topological image of 
the perimeter of the unit circle), then C will be called an indicator curve for r(P). 

1.9. The definition of an indicator curve may be re-stated in the following 
equivalent form. Let C be a simple closed curve on >. Let us assign a positive 
direction on C. The equation 


r= x(P), PeC 


defines then a closed continuous path-curve C’ in (a; , X2 , %3) space. Let us intro- 
duce the complex variables 


$1 = + 123, fo = + ir. 
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If we project C’ orthogonally upon the 1 , ¢ , ¢; planes respectively, we obtain 
three plane closed continuous path-curves C; , C2, C;, which are represented 
by the equations (ef. 1.4) 


Ci: i = fi(P), PeC, 
Cs : fx(P), eC, 
C3: 


Let ¢{ be a point of the plane ¢;. Then the topological index (or order) of ¢ 
with respect to C’ is defined as follows. If ¢? is on C; , then the index is zero. 
If ¢f is not on C;, then the continuously varying argument of the function 
f(P) — ¢f changes by an amount 2nz, n an integer, while P describes C in the 
positive sense. The integer n is then the index of ¢{ with respect to C: (if we 
reverse the positive direction on C, then the index changes merely its sign). 
The index, with respect to C;, is thus a function defined for all points of the 
plane ¢;. Let us designate it by u;:(¢;). This function really depends also upon 
1(P) and C, but it is unnecessary for our purposes to use more complicated 
notations. 

Clearly then, the simple closed curve C is an indicator curve for x(P), in the 
sense of 1.8, if and only if at least one of the index-functions 4; (¢1), w2(¢2), us(¢s) 
is not identically equal to zero. 

1.10. Lemma. On a Peano space &, let there be given a continuous complex- 
valued function f(P). Suppose there exists a single-valued continuous argument 
for f(P) on every simple closed curve on which f(P) # 0. Then there also exists 
a single-valued continuous argument for f(P) on every domain (connected open set) 
on which f(P) ¥ 0. 

Proor. Let D be any domain on which f(P) ~ 0. In D we pick a point 
P,, and an argument ¢ of the complex number f(P»). We shall keep Po and 
go fixed. Let P; be any point of D different from Py , and let y be any are that 
joins Py and P; in D. On y we have a single-valued continuous argument 
¢(P; y) of f(P), such that (Po ; y) = ¢o (ef. 1.5). Clearly, our lemma is proved 
if we can show that 


(5) e(Pi; 7’) = o(Pi; 7”) 


for any two ares y’; y’”’ which join Po and P, in D. 

To prove (5), we denote by £ the set of all common points of y’ andy”. Then 
E is a closed subset of y’ which contains (at least) the points Pp and P;. We 
consider the function 


W(P) = ’’) = PcE. 


Then ¥(P) is well-defined and continuous on £, and it assumes only integral 
valueson E. Indeed, for every point P ¢ FE, ¢(P; and y’) are arguments 
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of the same complex number, namely, of f(P). Hence, ¥(P) is an integer. We 
have 


0) => 0. 
Let us assume now, in contradiction with (5), that 
0. 


Let us designate by Ey , EZ; the subsets of EF on which ¥(P) = 0, ¥(P) ¥ 0 re- 
spectively. From the properties of ¥(P) described above, it follows that Ey , E, 
are two non-vacuous closed sets on y’ without common points. It follows that 
we have a sub-are yo of y’, bounded by two (distinct) points Qo , Q: , such that 


(6) Qo Ey, E-y=Q+Q. 


These same two points Q) , Q; are the endpoints of a sub-are yo of y’’, and from 
(6) it follows that 


(7) yor'vo = Q+Q1. 


Hence yo and yo form a simple closed curve Cy on which f(P) ¥ 0, since Cy C D. 
By assumption, we have a single-valued continuous argument ¢(P) for f(P) 
on Cy. We have then (ef. 1.5) 


— ¢(P; 7’) = constant on yo, 
— o(P; 7”) = constant on « 
Hence 
9(Qo) — 57’) = — 


9(Qo) — 37") = o(Q1) — 
Subtraction yields 
¥(Qo) = ¥(Q). 


This is a contradiction, since Qie 

1.11. Lemma. On a Peano space &, let there be given a continuous complex- 
valued function f(P). Suppose there exists a single-valued continuous argument 
for f(P) on every simple closed curve on which f(P) # 0. Then there also exists a 
single-valued continuous argument for f(P) on every continuum on which f(P) ¥ 0. 

Proor. Let I be any continuum on which f(P) ¥ 0. Since & is locally 
connected and since f(P) is continuous, there exists, for every point Q eT, a 
connected open set D(Q), containing Q, on which f(P) ~ 0. Let D denote the 
sum of all the sets D(Q) which are associated in this manner with the points 
Q of T. Then D is a domain, and f(P) # 0on D. By 1.10, we have a single- 
valued continuous argument for f(P) on D and hence also on I, since T C D. 

1.12. Lemma. Let r(P) be a continuous vector function on a Peano space X. 
If there exists an indicator continuum for x(P) on =, then there also exists an 
indicator curve for r(P) on >. 
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This lemma is a direct consequence of 1.11. 

1.13. Let r(P) be a continuous vector-function on a Peano space 2. Then 2 
is the sum of continua, without common points, on each of which r(P) is con- 
stant, and each of which is maximal with respect to this property. Let K 
designate the class of these continua. Then, in the terminology of R. L. Moore, 
K is an upper semi-continuous collection of continua, filling up 2. A compre- 
hensive theory of such collections is contained in Moore [1], to which the reader 
is referred for proofs of the facts listed below. Each point P of 2 is on precisely 
one continuum Ie K. Let us write T(P) = I for the transformation which 
carries each point P of = into that continuum [eK which contains P. The 
class K can be topologized in such a way that this transformation 7(P) = I 
becomes continuous. K is then again a Peano space. For greater clarity, we 
shall use 2* to denote the space that is obtained in this manner from K, and we 
shall use P* to refer to a generic point of >*. 

1.14. The transformation 7’, defined in 1.13, may now be written in the form 


T(P) = P*, P P* 


7 (P) is single-valued and continuous on =. The inverse transformation T”*(P*) 
need not be single-valued on =*, but for every point P* of =* the inverse set 
T *(P*) isa continuum, namely one of the continua le K. The following state- 
ments are consequences of the preceding statements (see Moore [1]). 

a) If C* is a continuum on >*, then 7” '(C*) is a continuum on >. 

b) If D* is a domain (connected open set) on =*, then 7” *(D*) is a domain 
on 2. 

c) If F* is a closed set on =*, then the set 2* — F* has the same number of 
components as the set = — 7” '(F*). In fact, the components of — T”'(F*) 
are simply the inverse sets of the components of 2* — F*. 

1.15. By means of the transformation 7(P) = P*, the continuous vector- 
function r(P) is carried into a continuous vector-function r*(P*) in the following 
sense. Given P* ¢ =*, let us put 


(8) (P*)=x(P), PeT(P*). 


Since r(P) is constant on 7” '(P*), the relation (8) defines a single-valued and 
obviously continuous vector function on 2*. In a similar manner, the com- 
ponents 2;(P) of r(P), as well as the associated functions f;(P) defined in 1.4, 
are transformed by T into single-valued continuous functions on 2* which we 
shall denote by 2: (P*), G (P*) respectively. In a general way, if g(P) is any 
continuous function on 2, such that g(P) is constant on each continuum I e« K, 
then the formula 


g*(P*) = g(P), PeT(P*) 
transforms g(P) into a single-valued continuous function g*(P*) on =*. 


1.16. We shall call =* the associated Peano space and the functions r*(P*), 
x; (P*), f; (P*), g*(P*) the associated functions, with respect to r(P). 


1 
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1.17. Lemma. Let r(P) be a continuous vector function on a Peano space >. 
Let f*(P*) be a continuous complex-valued function on the associated Peano space 
=*, and let C* be a continuum on d*, such that f*(P*) fails to satisfy condition 
(Arg) on C*. Then the function 


= f*(T(P)) 


fails to satisfy condition (Arg) on the continuum C = T~*(C*). 

Proor. Obviously f(P) is a single-valued continuous function on 2, while 
C = T(C*) is a continuum by 1.14. Assume now, in contradiction to the 
lemma, that f(P) satisfies condition (Arg) on C. Let then ¢ be any complex 
constant such that 


(9) f*(P*) — 0 on C%. 
We have then also 
S(P) —¢ #0 on C. 


By assumption, we have therefore a single-valued continuous argument ¢(P) 
for f(P) — ¢onC. We assert that the formula 


g*(P*) =9(P), PeT (P*), P*eC*, 


defines a single-valued continuous argument for f*(P*) on C*. Clearly, we only 
have to show that 


o(P’) = o(P”) 
for any two points P’, P” such that 
P’<«T'(P*), P” «T'(P*), 


Now T'(P*) is a continuum I comprised in C, such that f(P) is constant on I. 
Hence, ¢(P) is defined and continuous on 7” '(P*). Furthermore, for each 
P¢T'(P*), ¢(P) is an argument of the same complex number f(P) = 
f*(T(P)) = f*(P*). Hence the set of values of g(P) on T‘(P*) is denumerable. 
As T~'(P*) is a continuum and ¢(P) is continuous on 7” '(P*), it follows that 
is constant on T'(P*). Hence ¢(P’) = ¢(P”) for P’, P’ « T(P*), 
P* ¢€C*. Since ¢ was arbitrary, except for the condition (9), we reached a 
contradiction to the assumption that f*(P*) fails to satisfy condition (Arg) 
on C*, and the lemma is proved. 

1.18. Lemma. Let r(P) be a continuous vector-function on a Peano space X. 
Let r*(P*) be the associated vector-function on the associated Peano space >*. 
If there exists an indicator continuum for r*(P*) on =*, then there also exists an 
indicator continuum for r(P) on >. 

Proor. If C* is an indicator continuum for r*(P*) on =*, then C = 77*(C*) 
is an indicator continuum for r(P) on &, as a direct consequence of 1.17. 

1.19. A Peano space is a dendrite if it possesses no proper cyclic element. 
The following lemma is an easy consequence of the general theorem concerning 
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the structure of a Peano space in terms of cyclic chains (see Kuratowski-Why- 
burn [1]). Hence the details of the proof will be left to the reader. 

LemMa. Suppose the Peano space = is a dendrite. Then for every 6 > 0 
there exists on = a finite system of points Qi, Qe, Qn with the following 
properties. 

1) Fork = 1, 2,---,n, the set = — Q;, has precisely two components. 

2) Each component of the set 2 — (Q; + --+ + Qn) has a diameter less than 6. 

1.20. If g(P) is a real or complex-valued function on a Peano space 2, and EF 
is any subset of 2, then w(g(P); /) will denote the oscillation of g(P) on £. 
That is 


w(9(P); = lub. |g(P") — g(P)|, Pu 


Similarly, if r(P) is a continuous vector-function on 2, its oscillation on E is 
given by 


where | r(P’””) — r(P’)| designates the length of the vector r(P’’) — r(P’). 

1.21. The following elementary lemma, due to Geécze, is very important both 
in his work and in ours. 

LemMa. Given a continuous path-surface as in (3), suppose that for every 
e > 0 there exists on U a finite system of simple closed curves C, , C2, --+ , Cm with 
the following properties. (i) No two of these curves intersect each other. (ii) 
On each of the regions into which U is divided by this system of curves, the oscillation 
of r(P) is less than «. Then A(S) = 0. 

Proor. From (i) it follows that the curves C; determine on U exactly m + 1 
regions which we denote, in any order, by Ri, Re, ---, Rms. From (ii) it 
follows that the oscillation of r(P) on each of the curves C; is also Se. Let us 
now select on each one of the curves C; a point P; , and in each one of the regions 
R, an interior point Q,. We have then 


(10) | x(P) — r(P;)| for PeC;, = 1,3, ™, 
(11) |[2Q)—rQ)| Se for QeR:, k=1,2,---,m+1. 


Let us now take a triangulation 7' of U, such that a) the maximum diameter of 
the triangles of T is less than e, b) each one of the curves C; is a sum of sides of 
triangles of 7’, and c) no triangle of 7 has vertices on two different curves C;. 
Such a triangulation 7 obviously exists. We now proceed to define a corre- 
sponding polyhedron 8 (see 0.4) as follows. Let V be a vertex of T. We 
assign the point V’ as follows. If V is an interior point of a region R, , then 
V’ = r(Q,). If Visonacurve C;, then V’ = x(P;). In view of (10), (11) and 
condition a), it follows that the resulting polyhedron § satisfies the condition 


(12) d(S, B) S 2e. 


Further, since each triangle of 7 has either two vertices on the same curve C;;, 
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\ 
or else has at least two vertices interior to the same region R;, , it follows that 


(13) E($) = 0. 


Thus, for every « > 0, we have a polyhedron § satisfying (12) and (13). By 
0.6 it follows that A(S) = 0. 

1.22. Lemma. Given a continuous path-surface S as in (3), suppose that 
there exists an indicator curve for x(P) on U. Then A(S) > 0. 

This lemma is well known, except for the terminology used here. See for 
example Radé [1]; the proof given there for Jordan surfaces applies, after obvious 
modifications, to a general continuous path-surface. In verifying the lemma, 
the term indicator curve should be used in the equivalent sense described in 1.9. 


CuapTeR II. Tue Main Resutts 


2.1. The fundamental lemma. Let = be a Peano space, such that for every 
totally disconnected closed set A on &, the set © — A is connected. Let the con- 
tinuous vector-function x(P) be non-degenerate on =. Then there exists an indicator 
curve for r(P) on 

Proor. In view of 1.12, it is sufficient to prove that there exists an indicator 
continuum for r(P) on =. Since r(P) is non-degenerate, one of its components, 
say 2:(P), isnot constanton =. Let m, , MW, be the minimum and the maximum 
of x,(P) on = respectively. We have then m < M,, and there exist two points 
O, O* on such that 


=m, x(O*) = 
Put 


m + M, 


5) 


and consider on = the set 


= Elx:(P) < é. 


That is, E consists of those points P of = for which 2;(P) < é Then F is a non- 
vacuous open set, and we have 


Oc Ek, 


where EF designates the closure of E. Let D be the component of E which con- 
tains O. Then D is a domain containing O. The frontier (D) of Dis a closed 
set which separates O and O*. Hence, by our assumption concerning the 
space 2, F(D) is not totally disconnected. Hence ‘f(D) has some component Co 
which is a continuum not reducing to a single point. Since r(P) is non-de- 
generate by assumption, and since 2,(P) = & on Co, at least one of x2(P), x3(P), 
say 22(P), is not constant on Cy. Since Cy is compact, we have therefore on Co 
two points Qo , Q> such that 


X2(Qo) = me, x2(Qs) = M, 
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where m2, M; designate the minimum and the maximum respectively of 22(P) 
on Cy. Note that 
me < M2, 


since X2(P) is not constant on Co. 

Since > is locally connected and r(P) is continuous, we have two continua 
ky, ko , containing Q , Qo as interior points respectively, and so small in diameter 
that 

w(x(P), Ko), w(x(P), Ko) < 


As Qo, Qo are points of the frontier F(D) of D, there exist points Ao , Aj such 
that 


Ao € ko D, Ao exo-D. 


Let y be an are that joins Ap and Aj in D. As y is a closed subset of D and 
a(P) < & on D, we have a number & such that 


u(P)Si <é for Pey. 
Let us put 


= 


2.2. We shall use the function (cf. 1.4) 
fx(P) = + tx2(P) 
to show presently that the set 


is an indicator continuum for r(P) on ©. This will be achieved by establishing 
the following facts. 

a) Tis a continuum. 

b) fs(P) — ¥ OonT. 

c) fs(P) — £3 does not possess a single-valued continuous argument on I. 

2.3. Now (a) in 2.2 is obvious, since each one of the sets Co, xo, m,yisa 
continuum, and 


2.4. Next we show that 
(14) Rf(P) — 3) > on 
(15) SUs(P) — <0 on 


ut 
L, 
), 
r 
n 
= 
| 
0 
0 


184 TIBOR RADO 


(16) — > 0 on xo, 
(17) R(fs(P) — <O on y. 


In these inequalities, 3t and $ denote real part and imaginary part respectively, 
as usual. To verify these relations, observe that we have on Cy 


— = BEE do, 
t 


On xk we have 


— fs) = — Mat 


2 

Me — Me M2 + m2 — 

On ko we have 
S(f(P) = — “Em 

— o(aa(P); 8) — 

Me+tm 
= r > 0. 


On y we have 


& 
= 
=o 2 2 
2.5. Condition (b) in 2.2 is an immediate consequence of (14), (15), (16), 
(17) in 2.4. 
2.6. Let us note the following inequalities. 


< 0. 


(18) R(fs(Qo) — £3) > 0, 
(19) Sfa(Qo) — < 0, 
(20) R(f(Qo) — > 0, 
(21) S(fs(Qo) — fs) > 0, 


(18) and (20) follow directly from (14), while (19), (21) follow from (15) and (16) 
respectively. 
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2.7. Assume now that f;(P) — {> possesses a single-valued continuous argu- 
ment ¢(P) on I’, in contradiction to our assertion (c) in 2.2. By (18), (19) we 
can assume then that 


2 
Consider now ¢(P) on the continuum Cy). We assert that 
<a on 


(22) < (Qo) < 0. 


Otherwise, by virtue of its continuity and in view of (22), ¢(P) would have to 
assume at some point of Cy one of the values —z, 7, which is however impossible 
by (14). In particular it follows that 


(23) < <7. 
In view of (20), (21) it follows from (23) that 


(24) 0 < (Qs) < 5. 


Consider now ¢(P) on the continuum x + y + Weassert that 
—2r < ¢(P) <0 on 


Otherwise, by virtue of its continuity and in view of (22), ¢(P) would have to 
assume on ko + y + xo.one of the values 0, —2z, which is however impossible 
by (15), (16), (17). In particular, it follows that 


(25) < < 0. 


Since (24) and (25) obviously contradict each other, the assertion (c) in 2.2 is 
established, and the proof of the fundamental lemma in 2.1 is complete. 

2.8. THroreM (cf. 0.7). Let S be a continuous path-surface given as in (3). 
If x(P) is non-degenerate on U, then A(S) > 0. 

Proor. It is well known that U is not disconnected by any one of its totally 
disconnected closed subsets. Hence, by 2.1, there exists an indicator curve for 
r(P) on U. By 1.22 it follows that A(S) > 0. 

2.9. THEorEM (of Geéeze). If the representation (3) defines a bi-unique corre- 
spondence between the points P of U and the points (2 , 2 , x3) of S, then A(S) > 0. 
Briefly: the Lebesgue area of a simple continuous path-surface is always positive. 

This theorem is of course a special case of 2.8. 

2.10. Lemma. Let S be a continuous path-surface given as in (3). Suppose 
there exists no indicator curve for x(P) on U. Then the associated Peano space =* 
reduces to a dendrite. 

Proor. By a well-known theorem of R. L. Moore [2], =* is a cactoid. That 
is, either =* is a dendrite, or else every proper cyclic element of =* is homeo- 
morphic to the surface of the unit sphere. Consider now the associated vector- 
function r*(P*) defined in 1.16. By 1.12, there exists no indicator continuum 
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for r(P) on U. By 1.18, it follows that there exists no indicator continuum for 
r*(P*) on =*. Since r*(P*) is non-degenerate on >*, and since by the theorem 
of R. L. Moore, referred to above, no proper cyclic element of =* is disconnected 
by any one of its closed totally disconnected subsets, it follows from the funda- 
mental lemma in 2.1, applied to an hypothetical proper cyclic element of >*, 
that =* cannot have proper cyclic elements, and therefore reduces to a dendrite, 
as asserted. 

2.11. Lemma. Given a continuous path-surface S as in (3), suppose that the 
associated Peano space =* reduces to a dendrite. Then for every ¢ > 0 there 
exists on U a finite system of simple closed curves C,, C2, --- , Cm with the 
following properties. (i) No two of the curves C,, C2, --- , Cm intersect each 
other. (ii) On each component of the set U — (C,; + Cz +--+ + Cn) the 
oscillation of r(P) is less than e. 

Proor. Consider again the associated vector-function r(P*) on z*. By 
1.19, for every 6 > 0 we have on >* a finite system of points PY 2 P3,---,P. 
with the following properties. (i) For each k, the set = _ Pr has are 
two components. (ii) Each component of the set — + Pz + --- + 
has a diameter less than 6. Since r*(P*) is uniformly continuous on x we can 
choose 6 so small that the oscillation of r*(P*) on each oe of the set 
— (Pi + + P%) is less than «. Let T,, T2,--:, In be the 
continua which to P:,---, Px on U. Then (et. 1.14) for 
each k the set U — I; has precisely two components, and on each component of 
the set U — (1 + --- + T,,) the oscillation of r(P) is less than e. By well- 
known theorems on the topology of the sphere (see for example Newman []1]), 
the proof can now be completed as follows. The set U — (Ty +--+ + I;,) 
has precisely n + 1 components, each of which is a domain (connected open set). 
Let D, , De, , be these domains, in any order. Consider one of these 
domains D,. There exists in D; a sequence of Jordan regions Rj, , j = 1,2, ---, 
each bounded by a finite number of simple closed curves, such that (i) Ri C Ri iy? 
and (ii) for every point P ¢ D, there exists a jo such that P € Ri for j > jo. For 
fixed large 7, U is then the sum of 2n + 1 Jordan regions, without common inte- 


rior points, namely of the (n + 1) regions Ri ,-++, Ri, R41 and of n further 
doubly connected Jordan regions rj , --- , 7 , each of which contains precisely 
one of the continua T,, --- , I, in its interior. These latter regions rj , --- , 7 


are doubly connected as a consequence of the fact that for each k the set U — Ty, 
has precisely two components. Each r;, is bounded by two simple closed curves 
which are parts of the boundaries of two different regions Ri. The oscillation 
of r(P) on Rj is less than e, since Ri C D,. On the other hand, if EZ; is any open 
set containing I, , we shall have rj C E;, for j sufficiently large. Since r(P) is 
constant on T;,, the open set #; can be so chosen that the oscillation of r(P) 
on £; is less than e. Hence, if j is sufficiently large, the system consisting of the 
boundary curves of all the regions Rj ; R} , --- , R’,41 will possess the properties 
required in the lemma. 

2.12. THE MAIN THEOREM. (riven a snl path-surface S as in (3), the 
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Lebesgue area A(S) of S is equal to zero if and only if there exists no indicator curve 
for r(P) on U. 

Proor. The condition is necessary by 1.22. To prove the sufficiency, 
assume that there exists no indicator curve for r(P) on U. By 2.10, the asso- 
ciated Peano space reduces then to a dendrite. By 2.11, it follows that the 
assumptions of the lemma in 1.21 are satisfied, and hence A(S) = 0. 

2.13. THroreM (cf. 0.7). The Lebesgue area A(S) of a continuous path- 
surface S, given as in (3), is equal to zero if and only if the associated Peano space 
>* reduces to a dendrite. 

Proor. The necessity follows directly from 1.22 and 2.10, while the suffi- 
ciency follows from 2.11 and 1.21. 

2.14. THEorEM (of Geécze). The Lebesgue area A(S) of a continuous path- 
surface S, given as in (3), is equal to zero if and only if for every € > 0 there exists 
on U a finite system of simple closed curves C,, C2, +--+ , Cm with the following 
properties. (i) No two of these curves intersect each other. (it) The oscillation of 
1(P) is less than € on each component of the set U — (Cy + Coe + +++ + Cn). 

Proor. The necessity follows from 2.13 and 2.11, while the sufficiency fol- 
lows from 1.21. 


Cuaprer III. MisceELLANEOUS REMARKS 


3.1. Given a continuous path-surface S as in (3), let us denote by [S] the set 
of points (x1 , 2, x3) which correspond to the points P of U by means of (3). 
We already observed that the area A(S) of S is not determined by the point- 
set [S], but rather by the manner in which [S] is described by virtue of (3). This 
remark will be illustrated presently by examples, due essentially to Geécze. 

3.2. Let us denote by M, the half-circle on U which passes through the 
points (0, 0, — 1), (1, 0, 0), (0, 0, 1). Let xo(P) be any continuous vector- 
function defined on My. If P is a point of U not on My, then let us denote by 
m(P) the small circle on U which passes through P and is contained in a plane 
parallel to the (21, x2) plane. Let the vector-function r(P) be defined on U 
as follows. 


r(P) = on 
r(P) = constant on 7(P). 


Then r(P) is clearly continuous on U. Consider now the continuous path- 
surface S determined by this particular vector-function r(P). We assert that 
A(S) = 0. Indeed, let 7 be any triangulation of U, such that each triangle of 
T has a side which is a sub-are of a great circle passing through the points 
(0, 0, 1) and (0,0, —1). For each vertex V of 7, let us assign the point r(V) 
as the point V’ of 0.4. We obtain in this manner a polyhedron §, such that 
d(S, 3) is equal to the maximum diameter of the triangles of 7, and such that 
E(%) = 0. By 0.6, it follows that A(S) = 0. This was to be expected, since 
the path-surface S under consideration may be thought of as reducing, in a 
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way, to the continuous path-curve IT given by 
(26) r= n(P), PeM,. 


Let us designate by [I] the set of those points (x , x», x3) which correspond to 
the points P of Mo by means of (26). Clearly then [If] = [S]. On the other 
hand, it is well known that by proper choice of ro(P) the point-set [T] and hence 
also the point-set [S] can be made to coincide with any desired compact, con- 
nected and locally connected point-set in (x , 22, 23) space. 

3.3. In particular, we can make [S] coincide with the cube —1 S 2; < 1, 
7 = 1,2,3. We obtain then the continuous path-surface S of Geécze [3] which 
fills a cube and has zero area. 

3.4. Next, let us choose [S] as a point-set U’ homeomorphic to U, the surface 
of the unit sphere. The construction described in 3.2 yields then a continuous 
path-surface S such that [S] = U’ and A(S) = 0. On the other hand, we have 
by assumption a continuous vector-function on U such that ¥(P:) ¥ 
for P; * P:, and such that for the continuous path-surface 


8: t= f(P), PeU 


we have [S] = U’. By 2.9 we have then A(S) > 0. Thus we have two con- 
tinuous path-surfaces 


(27) S: r= x(P), PeU, 
(28) S: 


with the following properties. (i) [S] = [S] = U’, where U’ is homeomorphic 
to U. (ii) For each point (2 , x2 , x3) on U’, we have precisely one point P e U 
which is carried into (2, 22, #3) by (28) and we have at least one point P « U 
which is carried into (2 , x2 , 3) by (27). (iii) Finally, contrarily to what one 
may have expected under such circumstances, we have A(S) < A(S), since 
A(S) = 0, A(S) > 0. 

3.5. In a more picturesque way, we can describe this situation as follows. 
Let U’ be a topological image of the surface U of the unit sphere. Then the 
area of a continuous path-surface S, given as in (3), is certainly positive if S 
covers U’ just once. On the other hand, if S is required to cover all of U’, but 
is permitted to cover parts of U’ several times, then the area of S may be equal 
to zero. Of course, there is nothing really paradoxical about this, but such a 
situation is an illustration of the fundamental differences between the theory of 
the length of curves and the theory of the area of surfaces. 

3.6. We pass on to remarks concerning certain interesting aspects of our 
main theorem in 2.12. A closed continuous path-curve T, in (x, , 22, X3) space, 
is determined by an equation 


(29) r: r= 1(P), 


where C is a simple closed curve and x(P) is a continuous vector-function on C. 
It is assumed that a positive direction is assigned on C. Let p be any plane. 
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Let P’ be the point (x , x2 , x3) which corresponds to the point P of C by means 
of (29), and let P, be the orthogonal projection of P’ upon the plane p. Let 
finally r,(P) be the vector that joins the point (0, 0, 0) to the point P,. Then 
we shall designate by IT’, the closed continuous path-curve 


Pet. 


We shall call T°, the orthogonal projection of T upon the plane p. Let Q, be a 
variable point in the plane p. We define then the index-function »(Q,, T,) 
as follows. If Q,isonT,, then un(Q,,T,) = 0. Otherwise, u(Q,, is equal 
to the topological index of Q, with respect to T,. For conciseness, we shall use 
the subscripts 1, 2, 3 to refer to the coordinate planes (22 , x3), (%3 , 21), (#1 , X2) 
respectively. Then the index-functions u(Q; , T;), 7 = 1, 2, 3, are identical with 
the index-functions u;(¢;) of 1.9. 
3.7. Consider now a continuous path-surface 


(30) S: r = r(P), PeU. 


If C is any simple closed curve on U, then there corresponds to C, by means of 
(30), a closed continuous path-curve 


(31) t= x(P), PC. 


Suppose now that there exists no indicator curve for x(P) on U. By our main 
theorem in 2.12, A(S) = 0. Since A(S) is invariable under changes of the 
Cartesian coordinate system, it follows (cf. 1.22, 1.9, 3.6) that u(Q,, Tp) = 0 
for every choice of the plane p. Hence we have the 

THrorEM. If for every closed continuous path-curve T on a continuous path- 
surface S, given as in (30) and (31) respectively, the three index-functions y;(¢;), 
i = 1, 2, 3, are identically equal to zero, then the index-function w(Q, , Tp) ts also 
identically equal to zero for every choice of the plane p. 

3.8. One may be tempted to strengthen the preceding statement as follows: 
If for a closed continuous path-curve I, given as in (29), the three index-func- 
tions u(Q; , T;), 7 = 1, 2, 3, are identically equal to zero, then the index-function 
u(Q, , Tp) is also identically equal to zero, for every choice of the plane p. This 
statement is however false. A first counter-example has been suggested to the 
writer by J. v. Neumann. Subsequently, W. Scott, a student of the writer, 
found an extremely simple construction for examples serving various further 
purposes also. 

3.9. In conclusion, we shall give a brief description of the condition used by 
Geécze in his characterization of continuous path-surfaces of zero area. Geécze 
assumes that the vector-function x(P) which determines the surface is defined 
on the unit square. Hence, his continuous path-surface is given by an equation 


(32) S: r=(u,v), (u,v) es, 
where ~ 
(33) So: 0susl, 
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In stating the definitions of Geécze, we shall use present-day terminology if 
possible; otherwise, we shall use literal translations of the terms invented by 
Geécze. All point-sets occurring in 3.10 to 3.15 are in the (u, v) plane unless 
stated otherwise. 

3.10. A chain consists of a finice number of straight segments placed end to 
end. These segments are permitted to intersect each other. 

3.11. We recall that a domain D is a connected open set. The frontier ‘F(D) 
of D satisfies the relation (D) = D — D, where D is the closure of D. 

3.12. If D is a simply connected domain, then J will denote the set of those 
points of (D) which are accessible from within D by some chain. The points 
of I can be cyclicly ordered. 

3.13. A domain D is simjle if the following conditions hold. (i) D is bounded. 
(ii) Let D,, denote the unbounded component of the complement of D. Then 
5(D) = F(D,,). Geédeze notes that a simple domain is also simply connected. 

3.14. A four-sided domain is a figure consisting of a simple domain (see 3.13) 
and of four point-sets a; , a2, a3, a4, called the sides, satisfying the following 
conditions. (i) a1, a2, az, a, are subsets of the set J defined in 3.12. (ii) 
Qua3 = 0, dod, = 0, where the bars denote closure. (iii) a, + a2 + a3 + a, = I. 
(iv) If P:, P2, P3, Ps are any four points such that P; €a;, 7 = 1, 2,3, 4, then 
the cyclic order of these points, on the set J, is Pi, Po, P3, Ps. 

3.15. Given the continuous path-surface (32), the symbol (®, V, Ai, Az , As , As) 
will be meaningful if the following conditions are satisfied. (i) and W are two 
different ones of the components x (u, v), xe(u, v), x2(u, v), of the vector-function 
x(u, v) appearing in (82). (ii) A, Ae, As, Ag are real numbers such that A; > Ai, 
My > Ae. (ili) There exists in the unit square s a four-sided domain, with sides 
a , , , a4, Such that = A, on a, , = on a3, WV = ON ae, V = Ay on ay. 
Such a four-sided domain will then be denoted by the symbol @, V, Ai, 2, 
As ‘ 

3.16. THEOREM OF GEGCZE (see Gedcze [4]). The Lebesgue area A(S) of the 
continuous path-surface S, given by (32), is equal to zero if and only if there exists 
no four-sided domain (®, V, , , , Aa). 

3.17. It is easy to see that the existence of a domain (, WV, Ai, Az, As, As) 
implies the existence of an indicator curve in our sense (see 1.8, 1.9; in the 
definitions given there, U should of course be replaced now by 5). But the 
present writer was unable to derive a proof of reasonable directness and sim- 
plicity for the converse statement and hence for the equivalence of the Geécze 
condition (see 3.15) with our condition (see 2.12). 
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AUTOMORPHISM RINGS OF PRIMARY ABELIAN OPERATOR GROUPS' 


By REINHOLD BAER 
(Revision received March 7, 1942) 


The representation of a ring as the ring of all the automorphisms of a primary 
abelian operator group expresses significant inner properties of this ring, since 
there exists essentially at most one such representation of a given ring. Thus 
it is the object of this investigation to expose invariant qualities of these auto- 
morphism rings. They are found to be pecularities of their ideal theory (Chap- 
ter III); and from these we select a complete set of postulates for the class of all 
the automorphism rings of primary abelian operator groups (Sections 12 and 
13); thus proving incidentally that the structure of these rings is completely 
determined by their ideal theory (Section 14). 

The properties of the ideals in these rings reflect so completely the structure 
of the underlying operator group that we are able to prove—provided the “rank” 
of this group is at least three—the essential identity of the group of automor- 
phisms of the ring and of the group of projectivities (= biunivoque and monotone 
increasing transformations) of the system of admissible subgroups of the under- 
lying operator group (Chapter II). 

Two [extreme] special cages may serve as an illustration for these theorems. 
Every projective geometry of finite dimension not less than three may be repre- 
sented as the set of admissible subgroups of a suitable primary abelian operator 
group; and our characterization of the automorphisms of the automophism ring 
specializes in this case to the (well known) theorem that each automorphism of 
the automorphism ring (= ring of square matrices with coefficients from a suit- 
able (not necessarily commutative) field) is induced by a so-called semi-linear 
transformation. 

If secondly G is an ordinary primary abelian group with the property that the 
least common multiple of the orders of the elements in G is a prime power p” 
and that G contains at least three independent elements of maximum order, then 
our theorem states that every automorphism of the automorphism ring is an 
inner auomorphism. 


CHAPTER I: THe RELATIONS OF A GROUP TO ITS AUTOMORPHISM RING 


-1. The Admissible Subgroups 


In this section we collect a number of definitions and facts concerning primary 
abelian operator groups which will be needed in the future.” 


1 Presented to the American Math. Soc. September, 1941. 
2 Proofs and details may be found in Baer (4). For references cp. the Bibliography at 
the end of the paper. 
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1A. Cycles. The element c in the partially ordered set D is termed a cycle 
of order n = n(c), if exactly n + 1 elements in D are parts of c, and if the parts 
of c form an ordered set; if c is a cycle of order n, then it is possible to write 
down the system of all its parts in the following fashion: 0 = c” < ¢\" < 

All the partially ordered sets considered will be complete lattices satisfying 
the modular (Dedekind’s) law. The smallest element containing a certain set 
of elements will be termed its join and the greatest element contained in all the 
elements of some set will be called its meet or cross-cut. The following fact’ is 
of great importance: 

If the element s in the modular lattice D is the join of cycles whose orders do 
not exceed n, and if c is a subcycle of s, then the order of c does not exceed n. 

The subset S of the complete modular lattice D is said to be independent, if the 
meet of the element s in S and of the join of the other elements in S is 0 for every 
element sin S. We shall usually impose the further restriction that the elements 
in an independent set should all be different from 0. 


1B. Rings of Subgroups. Suppose that G is an abelian group and that the 
composition of its elements is written as addition. Then a system D of sub- 
groups of G shall be termed a ring of subgroups, if it contains 0 and G, and if it 
contains the cross-cuts and sums’ of all the subsets of D. It is well known that 
every ring of subgroups of G is a complete modular lattice; and it is obvious that 
a group G may contain sets of subgroups which are complete modular lattices, 
but not rings of subgroups. 


1C. Operator Groups. Suppose that G is an abelian group and that £ is a ring 
which contains an identity element 1. We say that G is an operator group over 
E, or that G admits the elements in FE as operators, if there exists to every ele- 
ment g in G and to every element e in E an element ge in G such that (g’ + ge = 
ge + g’e, gle’ + = ge’ + ge”, g(e’e”’) = (ge’)e” = ge’e”’, gl = g forg, g’, 
in G, e, e’, e’’ in E. A subset S of G is an E-admissible subgroup if, and only if, 
S=S+SandS = SE. If xis any element in G, then zE is the E-admissible 
subgroup generated by x. 

The set of all the E-admissible subgroups in G is denoted by D(G;E). Clearly 
D(G;E) is a ring of subgroups of G. The set S of elements in G is said to be 
independent, if the elements in S generate different subgroups which are all 
different from 0, and if the subgroups generated by the elements in S form an 
independent set of elements in D(G;F). 


1D. Primary Rings. The ring E is said to be a primary ring, if it contains an 
identity element 1, and if there exists in Y a two-sided ideal P = P(E) such that 


3’ Baer (4), Theorem I.2.1. 
‘ Cross-cut signifies the set-theoretical cross-cut of the subgroups whereas sum is the 
group-theoretical sum of the subgroups. 
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P”™ = 0 for some (smallest) positive m = m(E) and such that every right- and 
every left-ideal in E is a power of P. Then there exist elements p in E such that 
P = pE = Ep and such elements p we term primes in E. If p is a prime in E, 
then every ideal in E has the form P’ = p'E = Ep’. An element in E does not 
belong to P if, and only if, it possesses an inverse in E. We note finally that the 
four properties: P = 0, p = 0, m = 1, and “E is a field” are equivalent.’ 

1E. Primary Abelian Operator Groups. If the abelian group G admits the 
elements in the primary ring F as operators, then G is said to be a primary 
abelian operator group (over E). If x is an element in the primary abelian 
operator group G over E, then xE is a cycle in D(G;E) and every cycle in D(G;E) 
has thisform. The order n(x) of the element x is defined as the order n(xE) of 
the cycle xE in D(G;E). The order of the element x in G does not exceed n if, 
and only if, zP" = 0. Mapping the element e in E upon the element ze in xE 
constitutes an isomorphism of E/P"® upon xE which maps ideals upon ad- 
missible subgroups. If Z is a cycle in D(G;E), and if 0 S i S n(Z), then ZP' 
is the uniquely determined subcycle of order n(Z) — i of Z.° 

Every admissible subgroup of the primary abelian operator group G@ is a 
direct sum of cycles (= is the sum of an independent set of cycles = possesses 
a basis). If U and V are subgroups in D(G;E), and if U < V, then the follow- 
ing condition is necessary and sufficient for U to be a direct summand of G: 
if the subeyele Z ¥ 0 of U is contained in a subeyele of order n of V, then there 
exists a cycle of order n between Z and U.' 


1F. Criterion for Primarity.” Suppose that the ring E contains an identity 
element 1, that E is a cycle’ of order m in the partially ordered set of all the 
right-ideals in EL, that the abelian group G admits the elements in FE as operators, 
and that’® D(G;E) contains at least two independent cycles of order m.. Then 
E is primary if, and only if, the following property is satisfied by D(G;E): 

If U and V are E-admissible subgroups of G, if U < V, and if there exist at 
most two different subcycles of order 1 of V/U (in D(G/U;E)), then (and only 
then) is V/U a cycle in D(G/U;E). 


1G. Projectivities are biunivoque and monotone increasing maps of one par- 
tially ordered set upon another partially ordered set. If G is a primary abelian 


5 Baer (4), (i) to (v) of Section II.2, p. 304. 

6 Baer (r), Theorem II.2.1. 

6a Baer (4), Theorem A. of Section II.2, p. 310. 

7 The most important special case of this theorem is the fact that every subcycle of maxi- 
mum order is a direct summand; cp. Baer (4), Theorem 1.3.6, II.2.4 and the remarks on 
p. 310. 

8 Baer (4), Theorem IT.2.4. 

° This hypothesis is readily seen to imply that every right-ideal in E is a two-sided ideal. 

10 This hypothesis is only needed to show the sufficiency of the condition. 
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operator group over E, if D(G;E) contains at least three independent cycles of 
order m(£), and if ¢ is a projectivity of D(G;E) upon D(G’;E’) for G’an abelian 
group admitting the elements in the ring E’ as operators, then there exists” 
an isomorphism 7 of G upon G’ and an isomorphism 7 of FE upon E’ such that 
S’ = S* for S in D(G;E) and (ge)’ = g’e" for g in G and e in E. 


2. The Annulets 


Suppose that the ring / contains an identity element 1, and that the abelian 
group G admits the elements in £ as operators. Then the transformation ¢ 
shall be termed an automorphism of G (more accurately: an E-automorphism), 
if it is a single-valued function of the elements in G with values in G satisfying 
(u+v)? = u® + = foru,vinGandein E. Defining addition and 
multiplication of automorphisms in the usual fashion it is readily seen that the 
automorphisms of G form a ring:”” the automorphism ring A = A(@) = A(G, EB) 
of the group G over E. 

It is the main object of this section to exhibit a class of left-ideals and a class 
of right-ideals in A which each reflect faithfully all the properties of the set 
D(G;E) of the E-admissible subgroups of G. 

If Y is any subset of A, then the left-annulet A(Z) determined by > consists of 
all the automorphisms é in A satisfying £2 = 0; and the right-annulet P(>) 
consists of all the automorphisms x in A such that Xx = 0. If T is a subset of 
G, then the left-annulet A(T)determined by T consists of all the automorphisms 
of G which map G into part of 7; and the right-annulet P(T) determined by T 
consists of all those automorphisms of G which map 7 upon 0. We observe 
that left-annulets are left-ideals in A and that right-annulets are right-ideals in 
A. The left- and right-annulet determined by the same E-admissible subgroup 
T of G are connected by the following fundamental relation:” 


A(T)P(T) = 0. 


If N(2) is the set of all the elements in G which are mapped upon 0 by all the 
automorphisms in the subset 2 of A, then it is readily seen that N(2) is an 
E-admissible subgroup of G; the set G*, however, of all the elements g’ for g in 
G and o in Y need not be a subgroup. 

TuEorem 2.1": P(Z) = P(G*) and A(Z) = A(N(2)) for every subset of A. 

Proor: The automorphism é of G belongs to P(2) if, and only if, Zé = 0; 
and this is the case if, and only if, 0 = G*' = (G*)‘, ie. if, and only if, is in 
P(G*); and this proves the first equality. Likewise — belongs to A(2) if, and 


1! Baer (4), Theorem IT.3.1. 

12 Cp. Baer (1), Fitting (1), Shoda (1). 

13 The definitions of P(7’) and A(7’) are due to Shoda (1). 

14 The fundamental importance of this relation has been discovered by Shiffman (1) who 
based his discussion of the fully characteristic subgroups of primary abelian groups on the 
consideration of pairs of two-sided ideals defined by this relation. 

15 This is the generalization of a theorem proved by Shiffman (1) for two-sided ideals =. 
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only if, £ = 0; or equivalent: if, and only if, G = 0; and this happens if, and 
only if, GE < N(2) showing the validity of the second equality. 

TuEorem 2.2:'° If G is a primary abelian operator group over the (primary) 
ring E, and if Sis an E-admissible subgroup of G, then 


(1) = = N(P(S)) and 
(2) A(S) = A(P(S)), = P(ACS)). 


Proor: It is an immediate consequence of the definition of A(S) thatG*™ < §, 
To prove the desired equality we consider an element v of maximum order in G. 
There exists by 1E an E-admissible subgroup V of G such that G is the direct 
sum of V and of the cycle vE. If s is any element in S, then there exists one 
and only one automorphism ¢ of G which maps V upon 0 and v upon s, since 
n(s) < n(v), and since sE and E/P"”, vE and E/P"” are isomorphic. Clearly 
¢ belongs to A(S). Hence s is an element in G*“™ so that S = G*“™. 

It follows from the definition of P(S) that S is mapped upon 0 by P(S) and 
that therefore S S N(P(S)). To prove the desired equality let ¢ be any element 
in G not in S, and W a greatest L-admissible subgroup of G which contains S, 
but not ¢. Every E-admissible subgroup of G which contains W as a proper 
subgroup contains therefore the element ¢ so that the element W + ¢ generates 
the only subeyele of order 1 of G/W. Applying the fundamental property 
mentioned under 1F we deduce that G/W is a cycle whose order certainly does 
not exceed the maximum order of the elements in G. Thus there exists in G 
an element h of order n(G/W); and there exists one and only one E-automorphism 
y of G which maps W upon 0 and some generating coset of G/W upon h. 
Clearly y belongs to P(S), since S < W; and ¢ does not belong to N(P(S)), 
since t’ is, exactly as W + ¢, of order 1. This completes the proof of (1). 

From (1) and Theorem 2.1 we deduce that P(A(S)) = P(G*“™) = P(S) and 
that A(P(S)) = A(N(P(S))) = ACS). 

It is an immediate consequence of Theorem 2.1 and Theorem 2.2, that we 
need not distinguish between the annulets determined by subsets of G and the 
annulets which originate from subsets of A. 

If we define as dualities the biunivoque and monotone decreasing maps of one 
partially ordered set upon another partially ordered set, then we may restate 
the results obtained in this section in the form of the following fundamental 
theorem: 

If G is a primary abelian operator group over the (primary) ring E, then a pro- 
jectivity of D(G;E) upon the partially ordered set of all the left-annulets in A(G;E) 
is defined by mapping the E-admissible subgroups S of G upon the left-annulet 
A(S); and a duality of D(G;E) upon the partially ordered set of all the right-annulets 
in A(G;E) is defined by mapping the E-admissible subgroup S of G upon the 
right-annulet P(S). 

Remark: If G is an abelian group which admits as operators the elements in 


16 This is the generalization of a theorem proved by Shiffman (1) for the special case of 
fully characteristic subgroups S. 
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the ring E, if the ring EF meets all the requirements for primary rings (1D) with 
the exception of the postulate that a power of P be 0 though every element in G 
is annihilated by some power of P, then at least one of the following three con- 
ditions is satisfied by the E-admissible subgroups of G: 

(A) The orders of the cycles in D(G;E) are bounded. 

(B) There exists an E-admissible direct summand of G which contains one 
and only one subcycle of order n, for every positive integer n. 

(C) To every positive integer n there exists a direct summand of G which is a 
cycle in D(G;E) whose order exceeds n. 

If (A) is satisfied by D(G;E), then all the results of this section are obviously 
still valid. If (B) is satisfied, then one may show by an argument similar to 
the one we used in the proof of Theorem 2.2 that S = N(P(S)) for every S in 
D(G;E), though S need not equal G““; and if (C) is satisfied by D(G;E), then 
S = G*® though S and N(P(S)) may be different. 


Cuaprer II: THE AUTOMORPHISMS OF THE AUTOMORPHISM RING 


3. Projectivities of the Group and Automorphisms of the Ring 


The main object of this section is the proof of the theorem” that 

The group of projectivities of the partially ordered set D(G;E) of all the E-ad- 
missible subgroups of the primary abelian operator group G over the primary ring E 
and the group of all the automorphisms of the ring A(G;E) are essentially the same, 
provided there exist at least three independent cycles of order’® m(E) in D(G;E). 

In order to construct the isomorphism linking these two groups to each other 
we have to consider the D-automorphisms of G: these are biunivoque correspond- 
ences between the elements in G which preserve addition and which map E- 
. admissible subgroups upon E-admissible subgroups; the D-automorphisms are 
therefore proper automorphisms of G which induce projectivities of D(G;E) 
upon itself. If D(G;E) contains at least two independent cycles of order m(£), 
then a necessary and sufficient condition” for the proper automorphism ¢ of G 
to be a D-automorphism is the existence of an automorphism ¢ of the ring £ 
such that (ge)* = g*e* for g in G and e in EF. It is readily deduced from this 
criterion that ¢ ‘yg is an E-automorphism of G, whenever ¢ is a D-automorphism 
and y an E-automorphism of G. This shows that each D-automorphism ¢ 
induces a projectivity: S > S* of D(G;E) and an automorphism y > ¢ ‘yg of 
A(G;E), if there exist at least two independent cycles of order m(£) in D(G;E) 
and we shall have attained our object as soon as we have shown that the corre- 
lation thus established between projectivities of D(G;£) and automorphisms of 
A(G;E) is actually an isomorphism between the two groups, provided there 
exist at least three independent cycles of order m(E) in D(G;E). 

If G is an abelian group, then an endomorphism of G is a single-valued function 


17 The implications of this theorem as well as some of the relations to known theorems 
are discussed in section 4. 

18 For the definition of m(E) ef. 1D. 

19 This may be derived easily from Baer (4), Theorem II.2.2. or Theorem IT.3.1. 
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of the elements in G which maps elements in G upon elements in G and which 
preserves addition. 

THEOREM 3.1: If G is a primary abelian operator group over the (primary) 
ring E, if D(G;E) contains at least two independent” cycles of order m(E), and af 
¢g 1s an endomorphism of G, then each of the following properties of ¢ implies all 
the others: 

(1) There exists an element e in E such that g° = ge for every 9." 
(2) S* S S for every E-admissible subgroup S of G. 
(3) va = ag for every E-automorphism a of G. 

Proor: It is obvious that (2) and (3) are both consequences of (1). Suppose 
now that (3) is satisfied by ¢ and that the E-admissible subgroup S of G is a 
direct summand of G. Then there exists an H-automorphism y of G which 
maps G upon S and which leaves invariant every element in S. If s is any 
element in S, then s* = s’* = s*” is an element in S so that both (3) and (2) 
imply the following condition: 

(2’) S* S S for every E-admissible direct summand S of G. 

Suppose now that (2’) is satisfied by g. If b is an element of maximum order 
in G, then it follows from 1E that the cycle b# of order m(£) is a direct sum- 
mand of G; and hence there exists one (and only one) element e(b) in F such 
that b° = be(b). If b’ and b” are two independent elements of maximum order, 
then b’ + b” is an element of maximum order; and it follows from b’e(b’) + 
b”e(b”) =p’? + b”? = (b’ b”)* = (b’ + b” )e(b’ 4 b”) that e(b’) e(b’ b”) 
e(b”). By hypothesis there exist two independent elements v and w of maximum 
order in G. If b is any element of maximum order in G, then b is independent 
of at least one” of the elements v and w; and we deduce from the fact just derived 
that e(b) = e(v) = e(w) = e for every element b of maximum order in G. If 
g ¥ Ois any element in G, then g is independent” of at least one of the elements 
v and w. If g and v are independent, then v + g is an element of maximum 
order so that ve + g® = v° + 9° = (vt+g)*® = (Ut ge = ve + ge org® = ge 
for every g. Thus (1) is a consequence of (2’), completing the proof of the 
equivalence of (1), (2) and (3). 

Coro.uary 3.2: Suppose that G is a primary abelian operator group over the 
(primary) ring E and that D(G;E) contains at least two independent cycles of order 
m(E). 

(a) Two D-automorphisms of G induce the same projectivity in D(G;E) if, and 
only if, they induce the same automorphism in the ring A(G;E). 

(b) Mapping the projectivity induced by the D-automorphism ¢ in D(G; E) upon 
the automorphism induced by ¢ in A(G;E) constitutes an isomorphism of a group 
of projectivities of D upon a group” of automorphisms of A. , 


20 It is readily seen that this hypothesis cannot be omitted. 

21 Since cycles different from 0 contain one and only one cycle of order 1, i.e.contain one 
and only one smallest admissible subgroup different from 0. 

22 Since gE is a cycle in D(G;E). 

23 Which may or may not be the whole group. 
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The statement (a) is easily deduced from the equivalence of the properties 
(2) and (3) of Theorem 3.1; and the statement (b) is an immediate consequence 
of (a). 

LEMMA 3.3: If G is a primary abelian operator group over the (primary) ring 
E, if D(G;E) contains two independent cycles of order m(E), and if the auto- 
morphism ¢ of the ring A(G;E) leaves all the left-annulets in A invariant, then 

Proor: It is an immediate consequence of Theorem 2.2 that ¢ leaves all the 
right-annulets in A invariant; and that the Z-automorphism a of G maps there- 
fore the element g upon 0 if, and only if, 2° maps g upon 0; and a maps G upon 
the Z-admissible subgroup S of G if, and only if, a* maps G upon S. 

There exists, by 1E, a basis B of G. To every element } in B and to every 
element g in G with n(g) < n(b) there exists one and only one Z-automorphism 
a(b,g) of G which maps b upon g and which maps upon 0 all the other elements 
in B. Then it follows from the remarks in the preceding paragraph of the 
proof that a(b, g)* maps the element b upon a generator of g£ hence upon an 
element ge(b, g) for e(b, g) in E, but not in“ P, and maps all the other elements 
in B upon 0. 

From a(b, b) = a(b, b)’ we infer a(b, b)® = a(b, b)* and, by 1.D, e(b, b) = 
e(b, b)” or e(b, b) = 1 mod P””’, i.e. a(b, b) = a(b, b)*. 

If b and g are independent elements, then we infer from a(b, b + g) = a(b,b) + 
a(b, g) that be(b, b + g) + ge(b, b + g) = (b + g)e(b, b + g) = Beer” = 
prerrera@o* — b + ge(b, g) and that therefore e(b, b + g) = 1 mod P"” and 
e(b, b + g) = e(b, g) mod P"”. Hence e(b, g) = 1 mod P" and a(b, g)* = 
a(b, g). 

To every element b in B there exists an element w in G which is independent 
of b and has the same order asb. If ris any element in LE, then b and g = br + w 
as well as b and w are independent. Hence we may deduce from the result of 
the preceding paragraph that a(b, br)’ = a(b, br)® + a(b, w) — a(b, w) = 
a(b, br)? + a(b, w)? — a(b, w) = a(b, br + w)* — a(b, w) = a(b, br + w) - 
a(b, w) = a(b, br). 

To every element g in G whose order does not exceed n(b) there exists an 
element r in £ and an element w in G whose order does not exceed n(b) and 
which is either 0 or independent of b such that g = br + w. Hence a(b, g)* = 
a(b, br + w)* = a(b, br)* + a(b, w)® = a(b, br) + a(b, w) = a(b, g). 

If 5 is any E-automorphism of G, then 6 — a(b, b*) maps the basis element 
b upon 0. It follows therefore from a result stated in the first paragraph of 
this proof that 6° — a(b, b°) = 6° — a(b, b’)* = (6 — a(b, b’))* maps b upon 0; 
and this shows that both 6 and 6° map the basis element b upon 6°; and this 
implies the equality of 6 and 6°, since they are both E-automorphisms of G. 
This completes the proof of the fact that ¢ = 1. 

TueoreM 3.4: If G; is, for i = 1, 2, a primary abelian operator group over the 


*4 For the definition of the ideal P in EF, ep. 1D. 
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(primary) ring E; , if D; = D(G; ; E;) contains at least three independent cycles 
of order m(E;), then there exists to every isomorphism ¢ of the ring Ay = A(G,;E)) 
upon the ring As = A(G2 ;E2) an isomorphism n of G; upon G2 and an isomorphism 
n of E, upon Ez such that (ge)’ = g"e" for g in G, and e in E; and such that a? = "a" 
for every ain Ay. 

Remark: A special case of this theorem is the fact that a ring A is the ring 
of E-automorphisms of essentially at most one operator group G meeting our 
requirements.” 

ProorF: It is a consequence of Theorem 2.2 that mapping the left-annulet A 
in A; upon A® constitutes a projectivity of the partially ordered set of all the 
left-annulets in A; upon the partially ordered set of all the left-annulets in A, . 
If S is an E,-admissible subgroup of G,, then S** = G2” is by Theorem 2.2, 
an E2-admissible subgroup of G2; and it follows from the theorems of section 2 
that ¢* is a projectivity of D, upon D.. There exists by the theorem” in 1G 
an isomorphism 7 of G,; upon G2 and an isomorphism 7 of £; upon £2 such that 
(ge)” = g’e” for g in G, , in and S” = S*™* for S in D, ; and we deduce from 
Theorem 2.2 that 


nA(S)n = A(S") = A(S*) = A(GE®*) = ACS)? for Sin Dy. 


Applying Lemma 3.3 we find now that a® = 7 ‘an for a in A;, since the two 
isomorphisms under consideration effect the same projectivity in the partially 
ordered set of the left-annulets in A1. 

Corouiary 3.5: If G is a primary abelian operator group over the primary 
ring E, and if D(G;E) contains at least three independent cycles of order m(E), 
then every automorphism of A(G;E) and every projectivity of D(G;E) upon itself 
is induced by a D-automorphism of G. 

This is an immediate consequence of Theorem 3.4 and of the Theorem in 
1G. The existence of the desired isomorphism of the group of projectivities of 
D and the group of automorphisms of A is now assured by Corollaries 3.2 and 
3.5. This completes the proof of the theorem enunciated at the beginning of 
this section. 


Since the left-ideals of the ring H, of all the n by n matrices with integral 
coefficients form a projection of the system of subgroups of a direct sum of n 
infinite cyclic groups, and since every projection of this latter system upon itself 
may be induced by an isomorphism of the underlying group,’ one may prove 
by a method similar to, though much cruder than the one used in our proof of 
Theorem 3.4 that every automorphism of the ring H, is an inner automorphism. 


25 Cp. Asano (1), Satz 12, p. 245. 

26 It has been pointed out (Baer (2)) that this theorem would not be true without the 
hypothesis of the existence of three independent cycles of maximum order. In the proof 
of Lemma 3.3 we made use of the existence of at least two independent cycles of maximum 
order. Whether or not either of these hypotheses is needed in order that every auto- 
morphism of A(G;E) is induced by a D(G;E)-automorphism of G, is still an open question. 

27 Baer (2), Theorem 13.1, p. 39. 
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4. Endomorphisms of the Group and Automorphisms of the Ring 


If G is an abelian group, then we denote by H = H(@) the ring of all the endo- 
morphisms of G. If the group G admits the elements in the ring FE as operators, 
then the ring A(G;E) of the E-automorphisms of G is a subring of H(G); and if 
e is any element in E, then an endomorphism of G is defined by mapping the 
element g in G upon ge. If the ring E is primary, and if D(G;E) contains cycles 
of order m(E), then Ge = 0 implies e = 0, since fe = 0 implies, by 1E, e = 0 
for ¢ an element of order m(E); and hence we may identify the elements in EL 
with the endomorphisms they induce in G so that E may be considered another 
subring of H. If £ isa primary ring, and if D(G;E) contains at least two inde- 
pendent cycles of order m(£), then it follows from Theorem 3.1 that the subrings 
E and A of H are each the centralizer of the other one in H.” This implies in 
particular that an element in H which possesses an inverse in H transforms E 
into itself if, and only if, it transforms A into itself; and this fact may be stated 
as follows: the subrings A and E of H have the same normalizing group N in H. 

THEOREM 4.1: If G is a primary abelian operator group over the (primary) ring 
E, and if D(G;E) contains at least three independent cycles of order m(E), then 
the normalizing group N of E and A in H consists exactly of the D-automorphisms 
of G and all the automorphisms of E and of A are induced by elements in N. 

Proor: It has been pointed out at the beginning of section 3, that the D-auto- 
morphisms of G transform the ring A into itself, i. they belong to N. If 
conversely 3 belongs to N, then there exists an inverse endomorphism to the 
endomorphism @ so that # is a proper automorphism of G; and it is a con- 
sequence of Corollary 3.5 that there exists a D-automorphism p of G satisfying: 
p ap = 0 ‘ad for every a in A. Hence it follows from Theorem 3.1 that 
dp’ belongs to E and induces the identical projectivity in D(G;E). Thus p 
and dp’ are D-automorphisms of G and consequently every & in N is a D-auto- 
morphism. It is a consequence of Corollary 3.5 that every automorphism of A 
is induced by D-automorphisms of G; and it is well known™ that every auto- 
morphism of E is induced by a D-automorphism of G. Hence every auto- 
morphism of the rings E and A is induced by elements in N. 

Lemma 4.2: Suppose that U and V are subrings of the ring W, that U is the 
centralizer of V and V the centralizer of U in W, and that the element r in W pos- 
sesses an inverse in W. Then r induces in V an inner automorphism of V if, and 
only if, it induces in U an inner automorphism of U. 

Proor: If r induces in U an inner automorphism of U, then there exists an 
element s in U which possesses an inverse in U and which satisfies sus = r~‘ur 
for every uin U. The element ¢ = rs“ belongs to the centralizer of U so that 
t is an element in V which possesses an inverse in V. Since s belongs to the 
centralizer U of V, we find that (‘vt = r ‘vr for every v in V, i.e. r induces in V 
an inner automorphism of V. 


28 This implies in particular the equality of the centrum of A(G;Z) and of the centrum 
of the ring E, a fact that has already been noted by K. Asano (1), Satz 7, p. 242. 
*® This is an immediate consequence of the existence of a basis of G; ep. 1E. 
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THEOREM 4.3: Suppose that G is a primary abelian operator group over the 
(primary) ring E, and that D(G;E) contains at least three independent cycles of 
order m(E). Then every automorphism of the ring A(G;E) is an inner automor- 
phism of A if, and only if, every automorphism of the ring E is an inner automor- 
phism of E. 

This is an immediate consequence of Theorem 4.1 and Lemma 4.3, and of the 
fact that F and A are each the centralizer of the other in H. 

We mention two interesting special cases: 

1. If G@ is an ordinary primary abelian group the orders of whose elements are 
bounded and which contains at least three independent elements of maximum 
order, then every automorphism of the ring A of automorphisms of G is an 
inner automorphism of A. 

For E is the ring of integers modulo a power of a prime. 

2. If n is a finite or infinite cardinal number not less than 3, and if A is the ring 
of all the row-finite, n by n matrices with coefficients from the field of real 
numbers (or the field of quaternions or some other field all of whose automor- 
phisms are inner), then every automorphism of A is an inner automorphism. 

For we may choose for G the group of rank n over the field of coefficients. 

Every inner automorphism of a ring is a center automorphism” of this ring; 
and it is a well known theorem” that all center automorphisms of a finite simple 
algebra are inner automorphisms. Finite simple algebras are known” to be 
rings of square matrices With coefficients from a field which is finite over its 
center; and thus they are automorphism rings of primary abelian operator 
groups. The following example shows that automorphism rings of primary 
abelian operator groups may possess center automorphisms which are not inner 
automorphisms in spite of finiteness hypotheses. 

It is a consequence of Lemma 4.2 that it suffices to construct a primary ring E 
which is finite over its center and which possesses outer center automorphisms. 

Denote by F a commutative field whose characteristic is not 2 and by Q the 
field F(x) of all the rational functions in an indeterminate x with coefficients in 
F. There exists one and only one automorphism ¢ of Q which maps x upon 
—x(#x) and which leaves invariant all the elements in F. If q is an element 
not 0 in Q, then q°q ‘ is readily verified to be an element different from x and 2. 

Denote by E the set of all the ordered pairs (a, b) of elements in Q subject to 
the following rules: (a, b) = (c, d) if, and only if, a = cand b = d; (a,b) + (ce, d) 
= (a+c,b+ 4), (a, b)(c, d) = (ac, be*® + ad). It is easily seen that E isa 
ring with identity 1 = (1, 0), that the element (a, b) in EF possesses an inverse 
in E if, and only if, a ¥ 0; and that the only ideal (right- or left-) in Z which is 
different from 0 and E is the two-sided ideal P consisting of all the elements 
(0, b). Thus £ is a primary ring whose center consists exactly of the elements 
(a, 0) for a in F(x’), showing that the rank of E over its center is exactly 4. An 


30 i.e. an automorphism which leaves invariant every element in the center of this ring. 
31 Brauer (1), Skolem (1). 
32 Cp. e.g. Albert (1), Theorem 9, p. 39. 
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automorphism y of E is defined by (a, b)” = (a, bx) and this automorphism is a 
center automorphism, since (a, 0) = (a, 0)”. If (r, s) for r ¥ 0 were to induce 
the automorphism y in E, then (0, r) = (r, s)(0, 1) = (0,1)*(r, s) = (0, z)(r, s) = 
(0, zr*) or = r(r*)*; and the impossibility of this equation has been pointed 
out before. Thus Z meets all the requirements. 


CuHapter III: IpEAL-THEORETICAL PROPERTIES OF THE ANNULETS 


5. Finite Sums of Cycles and Finite Cross-cuts of Anti-cycles 


An element s in the partially ordered set S is termed an anti-cycle of index n 
in S, if the elements in S which contain s form a cycle of order n. The E-ad- 
missible subgroup V of the primary abelian operator group G over the (primary) 
ring £ is, by the Fundamental Theorem of section 2, a cycle (an anticycle) in 
D(G;E) if, and only if, A(V) is a cycle (an anti-cycle) in the partially ordered set 
of all the left-annulets in A(G;E); and this is the case if, and only if, P(V) is an 
anti-cycle (a cycle) in the partially ordered set of all the right-annulets in 
A(G;E).* 

Lemma 5.1: If G is a primary abelian operator group over the (primary) ring E, 
if Z is a cycle and S an anti-cycle in D(G;E), then every E-automorphism of Z is 
induced by an E-automorphism of G; and every E-automorphism of G/S is induced 
by an E-automorphism of G which maps S into part of S. 

Proor: If Z = 2zE, and if ¢g isan E-automorphism of Z, then 2* = ze for some e 
in £ and ¢ is completely determined by e. There exists by 1E a basis B of G 
and hence there exist elements d(b) in E almost all of which are 0 such that 
z= Dosing bd(b). There exist elements e(b) in E satisfying d(b)e = e(b) d(b), 
since E is a primary ring and its left-ideals are right-ideals. There exists finally 
one and only one E-automorphism vy of G which maps b upon be(b); and y induces 
¢ in Z, since y maps z upon ze. 

The basis B contains at least one element, say w, which generates G modulo S, 
since otherwise all the cosets S + 6 for b in B would be contained in (G/S)P 
(by 1E) so that B would be part of GP < G, an impossibility. Since the ele- 
ments in the cycle wE represent all the cosets of G/S, there exists to every ele- 
ment b(#w) in B an element r(b) in E such that b — wr(b) isin S. If pisa prime 
in £ (1D) and if n is the order of the cycle G/S, then wp” is an element in S. 
The E-admissible subgroup S* generated by wp” and the elements b — wr(b) is 
part of S; and G/S* is a cycle whose order does not exceed n, since every coset 
in G/S* is represented by an element in the cycle wE, and since wP" < S*. 
Consequently S = S*. 

If W = S + wu, andif o isan E-automorphism of G/S, then W’ = We for e in 
E; and o is completely determined by e. There exist elements c(b) in E such that 
er(b) = r(b)c(b), since E is a primary ring and its right-ideals are left-ideals; and 


33 If S is an anti-cycle in D(G;E), z an element in G, but not in S + GP, then G = S + 
2E where 2E is a cycle in D(G;E) and the index of S in D(G;E) dees not exceed the order 
of zE. 
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there exists one and only one Z-automorphism 7 of G which maps w upon we and 
b B upon be(b). Since (b — wr(b))” = be(b) — wer(b) = (b — wr(b))c(b), 
it follows that 7 maps the elements b — wr(b), wp" which generate S upon 
elements in S so that S’ < S. The E-automorphism +r maps consequently 
every coset of G/S into part of a well-determined coset of G/S and 7 maps in 
particular the generating coset W into part of We. Thus we have shown that 
o is induced by 7 in G/S. 

Lemma 5.2: If G is a primary abelian operator group over the (primary) ring E, 
and if G is a cycle of order n in D(G;E), then A(G;E) and E/P" are anti-isomorphic 
rings. 

Proor: There exists an element g in G such that G = gE. If ¢ is any E-auto- 
morphism of G, then g’ = ge where P" + e is uniquely determined by g and » 
and where g and e determine ¢ completely. If 7 is another E-automorphism of 
G, g" = gd, then g*” = (ge)’ = g’e = gde; and now it is obvious how to complete 
the proof of our statement. 


If G is a primary abelian operator group over the (primary) ring £, and if 
G/S for S an E-admissible subgroup is the sum of a finite number of cycles in 
D(G/S;E), then it follows from 1E that G/S is the direct sum of a finite number 
of cycles and therefore S is the cross-cut of a finite number of anti-cycles. From 
this fact one deduces easily the equivalence of the following three properties of 
the E-admissible subgroup 'S of G: (1) G/S is the sum of a finite number of cycles 
in D(G;E). (2) S is the cross-cut of a finite number of anti-cycles in D(G;E). 
(3) P(S) is the sum of a finite number of cycles in the partially ordered set of all 
the right-annulets in A(G;E). 

Lemma 5.3: If G is a primary abelian operator group over the (primary) ring E, 
if the E-admissible subgroup S of G is the sum of a finite number of cycles in D(G;E), 
and if the E-admissible subgroup T of G is the cross-cut of a finite number of anti- 
cycles in D(G;E), then S is part of an E-admissible direct summand of G which is 
the sum of a finite number of cycles; and T contains an E-admissible direct summand 
of G which is the cross-cut of a finite number of anti-cycles in D(G;E). 

Proor: Our statement concerning S is an almost obvious consequence of 
the fact that there exists a basis of G (1E). Denote by W the set of all the 
E-admissible subgroups H of G which are direct summands of G and which are 
cross-cuts of a finite number of anti-cycles in G. There exists a subgroup K in 
W such that (7 + K)/T is as small as possible, since the minimum condition is 
satisfied by the E-admissible subgroups of G/T. If K were not part of 7’, then 
T < 17+ K and there would exist an E-admissible subgroup V between 7’ and 
T + K such that (7 + K)/V is a eycle of order 1. Since K is not part of V, 
there exists in K an element u of least order which is not in V. Clearly uP S$ 
VandV +uk =7+K. There exists by 1E a basis B of K and there exists 
in B a finite number of elements bi, --- , 6; such that uw is in di. bE. De- 
note by B’ the set of those elements in B which are different from all the b; and 
which are contained in V; and by B” the set of the elements in B which are 
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different from the b; and which are not in V. If b is in B”’, then there exists an 
element e(b) in E such that b* = b — ue(b) isin V. Since b is in T + K, but 
not in V, it follows that n(ue(b)) S n(u) < n(b). Since wu is independent of the 
set of elements in B’ and B”, it follows that a basis B* of K is formed by the 
elements b; , the elements in B’ and the elements b* for b in B’. It is readily 
verified that the E-admissible subgroup U of G which is generated by the ele- 
ments in B* different from b; belongs to W, though 7 + US V<T+K,a 
contradiction which proves our contention. 


6. The Finite Automorphisms 


If g is an E-automorphism of the abelian group G over the primary ring E, 
then G* and G/N(¢) are isomorphic groups over the operator ring E; thus G* is 
the sum of a finite number of cycles if, and only if, N(¢) is the cross-cut of a 
finite number of anti-cycles. The E-automorphism ¢ of G is termed finite, if 
G* is the sum of a finite number of cycles and N (vg) the cross-cut of a finite num- 
ber of anti-cycles. 

Lemma 6.1: If G is a primary abelian operator group over the (primary) ring E, 
and if ¢ is a finite E-automorphism of G, then there exist E-admissible subgroups 
U and V of G with the following properties: 

(i) G is the direct sum of U and V. 
(ii) U is the sum of a finite number of cycles in D(G;E). 

(iii) G? Uand V S 

Proor: There exist by Lemma 5.3 E-admissible subgroups A and B of G such 
that G is the direct sum of A and B, A is the sum of a finite number of cycles in 
D(G;E) and B S N(v). Denote by C the cross-cut of B and A +G*. Then 
C is an E-admissible subgroup of B and C is the sum of a finite number of cycles 
in D(B;E). Hence there exist by Lemma 5.3 E-admissible subgroups V and W 
of B such that B is the direct sum of V and W, W is the sum of a finite number of 
cycles in D(G;E) and C S W. Then G is the direct sum of U = A + W and 
V, U is the sum of a finite number of cycles and G’ S U, V S N(g). 

We denote by & = © (G;E) the set of all the finite E-automorphisms of G. 

Lemma 6.2: If G is a primary abelian operator group over the (primary) ring E, 
then ® (G;E) is a two-sided, idempotent ideal in the ring A(G;E); and both the sum 
of all the left-annulets A(Z) for cyclic Z and the sum of all the right-annulets P(H) 
for anti-cyclic H are equal to ® (G;E). 

Proor: If g and y are finite E-automorphisms, and if p is an Z-automorphism 
of G, then we infer from G**’ < G* + @ and G” Ss G* that © is a left-ideal 
in A. Since G*® is a linear map of G*, both subgroups are generated by a finite 
number of elements, showing that is a two-sided ideal in A. If ¢ is a finite 
E-automorphism of G, then there exist by Lemma 6.1 E-admissible subgroups 
U and V of G meeting the requirements (7) to (27)of Lemma 6.1. If ¢ is the 
E-automorphism of G which maps V upon 0 and leaves invariant every element 
in U, then ¢ is an idempotent such that es = ge = ¢ and e is finite; and hence 
@ is idempotent. It is a consequence of 1E that G/N (¢) is the direct sum of a 
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finite number of cycles Z,;,--- ,Z,. There exists one and only one E-auto- that 
morphism ¢; of G which induces ¢ in Z; and which maps the Z; for 7 ¥ 7 upon 0, P(N ( 
Clearly ¢ = + + @, is a cycle and N(g;) an anti-cycle; and this set 
completes the proof. direc 
We note several consequences of this Lemma 6.2: that 
1. The identity-automorphism of G is finite if, and only if, G itself is the sum of every 
a finite number of cycles in D(G;E); and © is a (right- or left-) annulet if, and coine 
only if, @ = A. E-auw 
2. Every right- (left-) ideal in the subring © of A is a right- (left-) ideal in the Wi 
ring A. A(P(a 
3. If Sand T are E-admissible subgroups of G, then each of the following equali- ing I 
ties may be easily seen to imply the others: cut 0 
S = T,P(S)N® = P(T) NG, A(S)N& = A(T) ment 
Comparing 2. and 3. we note that the ideal theory in the rings ® and A is in G; 
different, provided these rings are different; but that the theory of annulets is that 
essentially the same in both rings. g(P(a 
It is known™ that the E-automorphisms of G may be approximated by means (w+ 
of finite H-automorphisms. It is the object of the following remarks to describe | — of G. 
this approximation in terms which involve properties of the ring A only. With g(P(a 


this in mind we denote by 2 = Q(G;E) the set of all the vright-annulcts 1 in A which 
are cross-cuts of a finite number of anti-cycles in the partially ordered set of the right- 


annulets in A; and it will be convenient to te>m Q-function any single-valued It 
function ¢(I) of the right-annulets in Q with: following properties: (left- 
¢(I) zs a coset of A/I; and I S I’ implies = ¢(I’). right 
If y is any E-automorphism of G, then I + ¢ for I in @ is the typical example join 1 
of such an Q-function. TH 
THEOREM 6.3: Suppose that G is a primary abelian operator group over the (prin 
(primary) ring E. . (a) I 
(a) The right-annulet I is in Q af, and only if, A(I) S ®. (b) J 
(b) To every lin A and ¢ in A there exists a finite E-automorphism r of G such that (ec) I 
g¢ = p mod I. Ai + 
(ec) To every Q-function ¢(1) there exists one and only one E-automorphism ¢ of | PR 
G such that g(1) = 1 + ¢ for every I inQ. sectic 
It seems desirable to find an expression of the closure property (c) of the the s 
ring A which does not involve the elements of A, but which refers to the annulets any € 
only. direc 
Proor: If S is an E-admissible subgroup of G, B a basis of S and C a basis of G, g2 in 
then the (cardinal) number of the elements in B whose order is at least n does whicl 
not exceed the (cardinal) number of the elements in C' whose order is at least n. g= 
Hence there exists an E-automorphism ¢ of G such that G® = S; and conse- If 
quently A(I) < @ if, and only if, G* is the sum of a finite number of cycles in Theo 
D(G;E). It is a consequence of Theorems 2.1 and 2.2 that G4“” = N(1); and small 
direct 
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that N(1) is the sum of a finite number of cycles in D(G;E) if, and only if, I = 
P(N (1I)) is the cross-cut of a finite number of anti-cycles in the partially ordered 
set of the right-annulets in A. It is a consequence of Lemma 5.3 that G is the 
direct sum of H-admissible subgroups U and V such that N(I) < U and such 
that U is the sum of a finite number of cycles in D(G;E). Then there exists to 
every E-automorphism ¢ of G one and only one E-automorphism y of G which 
coincides with g on U and which maps V upon 0. It is clear that y is a finite 
E-automorphism satisfying ¢ = y mod I. 

We note that P(x) is, fdr every x in G, a right-annulet in the class Q, since 
A(P(x)) = A(zE) = ©. If g and y are any two E-automorphisms of G satisfy- 
ing I + ¢ = 1+ 7 for every I in Q, then g — y = 0 as an element in the cross- 
cut O of all the P(x) for x inG. If finally ¢(1) is an Q-function, then all the ele- 
ments in the coset ¢(P(x)) have the same value x* on the element x inG. If xis 
in G ande in E, then S xE implies P(x) = S = P(xe) so 
that (xe)” = (xe)°?™ = = If x and y are elements in G, then 
g(P(xE + yE)) is part of o(P(x)), e(P(y)) and g(P(x + y)) so that (x + y)*® = 
(x + yom Thus ¢ is an E-automophism 
of G. If 1 is in and z in N(1), then I = P(N(1)) S P(x) and hence ¢(I) 
y(P(x)); and this implies that 2° = x°” for x in N(1) or g(I) = 1+ ¢. 


7. Sums of Annulets 


It is easily seen that the cross-cut of any set of right-(left-)annulets is a right- 
(left-)annulet. Thus there exists to every set of right-(left-)annulets a smallest 
right-(left-) annulet, the join of the annulets in the set. But in general this 
join will be different from the sum of the annulets in the set. 

THEOREM 7.1: Suppose that G is a primary abelian operator group over the 
(primary) ring E, and that P; is a right-annulet, A; a left-annulet in A(D;E). 

(a) If Ay M Ao = 0, then Ay + Ae is a left-annulet. 

(b) If Pi M Ps = 0, then Pi + Pe is a right-annulet. 

(c) If P; = P(A;), A; = A(P;) and Py = 0 = Ay As then =A= 
Ai + Ae. 

Proor: It is an immediate consequence of the Fundamental Theorem of 
section 2 that the cross-cut of S; = G“! and S. = G*? is G*!"“? = 0, and that 
the smallest left-annulet which contains both A; and A, is A(S; + S82). If ¢ is 
any element in A(\S; + S») and g any element in G, then g® is an element in the 
direct sum S, + Se. Hence there exist uniquely determined elements g; and 
ge in S; and Se» respectively such that g® = gi: + g2. The transformation ¢; 
which maps g upon g; is readily seen to be an E-automorphism in A; = A(S;); and 
¢=¢1 Hence A; + As = A(Si + So). 

If T; = N(P,), then it is an immediate consequence of the Fundamental 
Theorem of section 2 that 7; + T. = N(P: 1 Ps) = Gand that P(7,N 72) is the 
smallest right-annulet which contains both P; and P.. Since G/(7, N T+) is the 
direct sum of 7;/(7, T2) and T2/(T, N there exists to every E-automor- 
phism ¢ in P(7; MN T2) one and only one E-automorphism ¢; which maps 7’; upon 
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0 and which coincides with ¢ on T2). Clearly = + and g; is 
in P; = P(7;). Hence Py + Ps = P(T;N 72). 


If the hypotheses of (c) are satisfied by A;, P; , then it follows from what has 
already been shown that S; = G*‘ = N(P,), that G is the direct sum of S; and 


Se, Ay + Ae = A(G) =A= P(O) = + P.. 

If Gis an abelian operator group over the ring L, if S is an E-admissible sub- 
group of G, and if ¢ is a single-valued additive function of the elements in § 
with values in G satisfying (se)” = s*e for s in S and e in E£, then ¢ is a linear 
transformation of S into G. 

Lemma 7.2: If the primary abelian operator group G over the (primary) ring E 
is the direct sum of cycles of equal order m in D(G;E), if S is an E-admissible sub- 
group of G, and if ¢ is a linear transformation of S into G, then ¢ is induced in 8 
by an E-automorphism of G. 

Proor: If p is a prime in E (ef. 1G), then every element in G has the form 
gp’ for g an element of order m in G. Hence there exists a basis B of G and 
integers h(b) for b in B such that the Z-admissible subgroup S of G is generated” 
by the elements bp". Since n((bp")*) < n(bp") = m — h(b), there exist 
elements b’ in G such that b’p"” = (bp*”)*. There exists one and only one 
E-automorphism y of G which maps every b in B upon the corresponding b’, 
since n(b’) S n(b) = m; and y clearly induces ¢ in S. 

THEOREM 7.3: The following three properties of the primary abelian operator 
group G over the (primary) ring E imply each other: 

(a) G is the direct sum of cycles of equal order m in D(G;E). 

(b) The sum of any two right-annulets in A(G;E) is a right-annulet. 

(c) The sum of any two left-annulets in A(G;E) is a left-annulet. 

Proor: Suppose that condition (a) is satisfied by G. It is a consequence of 
the Fundamental Theorem in section 2 that any two right annulets in A have 
the form P(S), P(7’) where S and 7 are E-admissible subgroups of G, and that 
P(S M T) is the smallest right-annulet containing both P(S) and P(7). If 
v is an E-automorphism in P(S M 7), then there exists a linear transformation 
y of S + T into G which coincides with v on S and which maps 7 upon 0, since 
S + T is modulo Sf T the direct sum of S and 7, and since (SN T)’ = 0. 
There exists by Lemma 7.2 an E-automorphism w of G which induces y in S + T. 
Thus w belongs to P(7’) and v — w belongs to P(S); and hence v belongs to P(S) + 
P(T); i.e. (a) implies (b). 

It is a consequence of the Fundamental Theorem of section 2 that any pair 
of left-annulets in A may be represented in the form A(S), A(7’) where S and T 
are E-admissible subgroups of G, and that A(S + 7’) is the smallest left-annulet 
containing both A(S) and A(7’). If g is an E-automorphism in A(S + 7), B 
a basis of G, then b* is an element in S + T and there exist therefore elements 
s(b), t(b) in S and’ T respectively such that b° = s(b) + ¢(b). Since b is by 


35 Note that the elements bp*® which are different from 0 form a basis of S. The 
existence of a basis of S is assured by 1E and such a basis would be the starting point for 
construction of B. 
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(a) an element of maximum order m in G, there exist uniquely determined E- 
automorphisms 7 and x such that b” = s(b), b« = t(b). Clearly ¢ = » + «and 7 
isin A(S), x in A(7’) so that (c) is a consequence of (a). 

If condition (a) is not satisfied by the group G, then G is the direct sum of 
E-admissible subgroups U, V, W where W may be 0 and where U and V are 
cycles in D(G; E) such that 0 < n(U) < n(V) = the maximum-order of the 
cycles in D(G; E). There exist elements u and v of order 1 in U and V respec- 
tively. The cycles uF and (wu + v)E are of order 1 and their cross-cut is 0. 
Thus A is the smallest right-annulet containing both P(u) and P(u + v). If 
the identical automorphism 1 were in P(u) + P(u + v), then there would exist 
E-automorphisms 7, x such that u” = 0, (u + v)* = 0 and 7» + « = 1; and this 
would imply: wu = = u‘,0 = (ut+ov)' = u+o* oruE = (VE). s 
which is impossible, since < UP" = 0. Consequently (b) implies 
(a). If V = wE, then (u + w)E is a cycle of order n(V) whose cross-cut with 
V is exactly VP. Automorphisms in A(V) and A((u + w)#) map elements of 
an order not exceeding n(V) — 1 upon elements in VP; and every automorphism 
in A(V) + A((u + w)E) maps therefore the elements of an order not exceeding 
n(V) — 1 upon elements in VP. But there exist E-automorphisms which map 
U upon wE, W upon 0 and leave invariant every element in V. Such an auto- 
morphism would be in A(V + (u + w)E) = A(V + uE), but not in 
A(V) + A((u + w)E), since it maps an element in V of an order less than n(V) 
upon the element u not in VP; and hence (a) is a consequence of (c). 

Corouuary 7.4: If the primary abelian operator group G over the (primary) 
ring E is the direct sum of cycles of equal order m in D(G; E), then 
(i) gA = P(N(e)) and Ag = A(G*) for every E-automorphism ¢ of G; 

(ii) every right-(left-)annulet is a principal right-(left-)ideal in A(G; E); 
(iii) every right-(left-)ideal in A which is generated by a finite number of elements” 
is a principal right-(left-)ideal in A. 

Proor: If y is in P(N()), then N(v) S N(y). To every element x in G* 
there exists one and only one coset a® ' of G/N(¢) which is mapped upon x by 
g. Thus N(y) + a” isa single, well determined coset of G/N(y) and 2” = 
(N(y) + is a uniquely determined element in This transformation 7 
is readily seen to be a linear transformation of G* into G; and hence it follows 
from Lemma 7.2 that 7 is induced in G* by an E-automorphism « of G. If x 
is any element in G, then «* = 2” = (N(y) + x)” = 2” or gx = ¥ and this 
proves gA = P(N(y)). 

If p is an automorphism in A(G*), then G’ < G* and the set 7 of all the ele- 
ments in G which are mapped by ¢ upon elements in G’ is an E-admissible sub- 
group such that N(v) < T, T* = G’. If Y is any coset of G/N(p), then Y° 
is a well determined element in G? = 7% and there exists one and only one coset 
Y’ = Y** * of T/N(¢) which is mapped by ¢ upon the element Y’. It is readily 
seen that ¢ is an isomorphism of the group G/N (p) over E upon the group 7'/N (¢) 
over E. There exists a basis B of G. If b is an element in B, then denote by b* 


36 Has a finite basis in the customary terminology. 
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some element in (N(p) + b)’ so that (N(p) + b)”’ = Nw) + b* for every b in B. 
Since all the elements b in B are of the maximum-order m in G, there exists one 
and only one E-automorphism 7 of G which maps b upon b* for every b in B. 
Then = = (N(v) + b*)? = (N(p) + = (N(p) + = or = p 
and this proves Ag = A(G*). 

It is a consequence of the Fundamental Theorem of section 2 that every right- 
(left-)annulet in A has the form P(S) (A(S)) for S an E-admissible subgroup of 
G; and it is readily verified that there exist to every E-admissible subgroup S of G 
E-automorphisms ¢, y such that S = N(v) and S = G’. Now (ii) is a conse- 
quence of (i). The assertion (iii) finally is an immediate consequence of (i), 
(ii) and Theorem 7.3. 

THEOREM 7.5: The following five properties of the primary abelian operator 
group G over the (primary) ring E are equivalent: 

(1) Gis the direct sum of a finite number of cycles of equal order.” 
(2) Sums® of right-annulets in A(G; E) are right-annulets. 
(3) Every right-ideal in A is a right-annulet. 

(4) Sums” of left-annulets in A are left-annulets. 

(5) Every left-ideal in A is a left-annulet.” 

Proor: It is obvious that (3) implies (2) and that (5) implies (4). If (2) 
or (4) is satisfied by G, then G is, by Theorem 7.3, the direct sum of cycles of 
equal order; and the ideal 6(G; F) of the finite Z-automorphisms of G is by 
Lemma 6.2 equal to A so that in particular the identity is a finite automorphism. 
But this is the case if, and only if, G is the direct sum of a finite number of 
cycles, proving that (1) is a consequence of (2) as well as of (4). 

If condition (1) is satisfied by the group G, then the maximum and the mini- 
mum condition are both satisfied by the E-admissible subgroups of G. Hence 
it follows from the Fundamental Theorem of section 2 that the maximum condi- 
tion is satisfied by the right-annulets and by the left-annulets in A(G; E). 
Furthermore it follows from Corollary 7.4 that annwlets are principal ideals and 
that the sums of a finite number of principal ideals are annulets. Applying the 
maximum condition for the annulets it is readily deduced that every ideal is a 
principal ideal and therefore an annulet; and this shows that (8) and (5) are 
consequences of (1). 


8. Products of Annulets 


If fT and W are right-(left-)ideals in the ring A, then their product TW is the 
smallest right-(left-)ideal in A which contains all the products vy for v in T and 
yin Vv. Annulets are ideals. Thus the product of two right-(left-)annulets 
is a well-determined right-(left-)ideal, though it need not be an annulet. 


37 For further characterizations of this class of groups, see Theorem 8.3 below and Asano 
(1), Satz 8, p. 243. . 

38 Both finite and infinite sums. 

39 Rings with the properties (3) and (5) have been termed quasi-Frobeniusean by Naka- 
yama (1). 
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THEOREM 8.1: Suppose that G is a primary abelian operator group over the 
(primary) ring E, and that S and T are anti-cycles in D(G; E). 

(a) If either S is an anti-cycle of maximum index in D(G; E) or T is a direct 
summand of G and n(G/T) S n(G/S), then P(S)P(T) = P(S + GP”™”) 

(b) If both S and T are direct summands of G, but n(G/S) < n(G/T), then 
P(S)P(T) is not a right-annulet in A(G; E). 

Proor: If o and 7 are E-automorphisms in P(S) and P(7’) respectively, then 
S < N(c) S N(or), G” S G@ and @ is a cycle in D(G; E) whose order is at 
most n(G/T). Hence n(G”) < n(G@’) < n(G/T) so that GP"'” is part of 
N(or), since G/N(or) is a cycle of order n(G*’). The product o7 is therefore 
an element in P(S + GP"'”), ice. 


P(S)P(T) < P(S + GP”), 


Since S and T are anti-cycles in D(G; E), there exist elements v, w such that 
G=S+vKE =T+wE. Clearly n(G/S) S n(v), n(G/T) S n(w). If one 
of the hypotheses of (a) is satisfied by S and 7’, then it is possible to select the 
element w in such a way that n(w) S n(G/S), since G is the sum of T and of a 
cycle of order n(G/T), if T is a direct summand of G and since the maximum 
index of the anti-cycles in D(G; E) is just the maximum order of the cycles in 
D(G; FE). Consequently there exists an E-automorphism o in P(S) which maps 
v upon w. If g is an E-automorphism in P(S + GP"“””), then S* = 0 and 
n(v°) S n(G/T); and we note that ¢ is completely determined among the auto- 
morphisms in P(S) by the image of v. There exists one and only one E-auto- 
morphism 7 in P(7’) which maps w upon v*; and it is readily verified that ¢ = or, 
proving (a). 

If both S and 7 are direct summands of G, then we may assume that the 
elements v and w selected above are of order n(G/S) and n(G/T) respectively. 
Denote by ¢ the E-automorphism in P(S) which leaves invariant the element v. 
If n(G/S) < n(G/T), and if o and 7 are automorphisms in P(S) and P(7) re- 
spectively, then G’ is a cycle in D(G; E) whose order n(G’) is at most n(G/S) < 
n(G/T) so that T + G’ < T + GP. Consequently G” < (7 + GP) s GP 
though G* « GP. Since P(S) is the smallest right-annulet containing P(S)P(7), 
we have thus shown that P(S)P(7) is not a right-annulet. 

THEOREM 8.2: Suppose that G is a primary abelian operator group over the 
(primary) ring E, and that S and T are cycles in D(G; E). 

(a) If either T is a cycle of maximum order in D(G; E) or S is a direct sum- 
mand of Gand n(S) < n(T), then A(S)A(T) = A(TP"”-"), 

(b) If both S and T are direct summands of G, but n(T) < n(S), then A(S)A(T) 
is not a left-annulet in A(G; E). 

Proor: If ¢ and + are E-automorphisms in A(S) and A(7’) respectively, then 
G’ is a subeycle of S and G”’ is therefore a subcycle of T whose order does not 
exceed n(S) so that G” < TP*”~"™ or 


A(S)A(T) < 
We may assume that S ~ 0. There exists a greatest E-admissible subgroup 
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Z of G whose cross-cut with S is 0. If Z* is an E-admissible subgroup such that 
Z < Z*, then Z* contains the uniquely determined subcycle SP" of § ; 
and hence it follows from 1F that Z is an anti-cycle in D(G; EZ). If V is an anti- 
cycle in D(G; E) whose cross-cut with S is 0 and whose index is as small as 
possible, and if one of the hypotheses of (a) is satisfied by S and 7, 
then n(G/V) < n(T). There exists an E-automorphism 7 of G such that V" = 0 
and G"’ is the subeycle TP"”~"“" of order n(G@/V) of T; and 7 clearly belongs 
to A(T). Suppose now that ¢ belongs to A(TP"“”~"™), Then G* is a sub- 
cycle of 7 whose order does not exceed n(S), and G/N(¢) is therefore a cycle of 
an order not exceeding n(S) and is generated by some coset C. Since a coset 
of G/V whose order does not exceed n(S) contains one and only one element in 
S, there exists one and only one element v in S which is mapped by 7 upon C*, 
There exists furthermore an H-automorphism o in A(S) which maps N(¢) upon 
0 and C upon »; and it is readily verified that ¢ = o7, proving (a). 

If n(T) < n(S), and if S is a direct summand of G, then it is readily verified 
that A(7’) is the smallest left-annulet which contains A(S)A(7). If 7 is a direct 
summand of G, then there exists an H-automorphism w of G which maps G 
upon 7’ and which leaves invariant every element in 7. This automorphism 
w is in A(7’), but it cannot be in A(S)A(T). For if o is in A(S) and 7 in A(T), 
then 7” is a subeycle of S whose order does not exceed n(7') < n(S) so that 
T’ = SP S GP, and hence T” S TP, though T° = T; and this completes the 
proof. 

THEOREM 8.3: If G is a primary abelian operator group over the (primary) ring 
E, then each of the following properties implies the others: 

(a) G ts the direct sum of a finite number of cycles of equal order in D(G; E). 
(b) The product of any two right-annulets in A(G; E) is a right-annulet. 
(ce) The product of any two left-annulets in A(G; E) is a left-annulet. 

Proor: That (a) implies both (b) and (c), is an immediate consequence of 
Theorem 7.5. If (b) or (ce) is satisfied by G, then we deduce from Theorems 
8.1, (b) and 8.2, (b) that G is the direct sum of cycles of equal order in D(G; E), 
since G is, by 1E, a direct sum of cycles in D(G; EF). If Z is any cycle of maxi- 
mum-order in D(G; £), then Z is a direct summand of G and there exists to 
every element g in G an E-automorphism of G which maps Z upon the cycle gE£. 
Hence it follows from Lemma 6.2 that A(Z)A(@) = A(Z)A = ®, the ideal of all 
the finite automorphisms. Thus (ce) implies that 1 is a finite E-automorphism, 
showing that (a) is a consequence of (c). If V is an anti-cycle of maximum- 
index in D(G; E), then V is a direct summand of G and every anti-cycle in 
D(G; E) may be mapped upon V by an E-automorphism of G. Hence we infer 
from Lemma 6.2 that P(O)P(V) = AP(V) = %. Consequently 1 is a finite 
E-automorphism, if (b) is satisfied by G; and (a) is therefore an implication of (b). 


9. Cross-cuts of Right- and Left-Annulets 


Right- and left-annulets in A are ideals in A; and they are therefore subrings 
of A. The cross-cut” of a right-annulet and a left-annulet in A is an ideal in 


* The cross-cut of the sets S’ and S” shall always be denoted by S’ (1) 8”. 
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both these subrings of A. It is the object of this section to investigate the ideal 
theory obtained this way. 

THEOREM 9.1: Suppose that G is a primary abelian operator group over the 
(primary) ring E, and that H is an anti-cycle of index n # 0 in D(G; E). 

(a) If H is a direct summand of G, then every left-ideal I in the ring P(A) is the 
cross-cut of P(H) and of a left-ideal in A(G; E). 

(b) If I ts the cross-cut of P(H) and of some left-ideal in A(G; E), then there 
exists one and only one E-admissible subgroup S of G such that the orders of the 
elements in S do not exceed n and such that I = P(H)1 A(S). 

(c) If the orders of the elements in the E-admissible subgroups S, of G do not exceed 
n, then, (P(H) NA(S,)) = P(H) 

Proor: If H is a direct summand of G, then there exists an (idempotent) 
E-automorphism 7 of G which maps H upon 0 and every coset C of G/H upon 
an element in C. If I* is the smallest left-ideal in A containing I, then every 
element in I* is the sum of elements gy for g in A andy inI. If p is an element 
in P(#7), then p = xp; and thus it follows that the sum of elements ¢y, if in 
P(H), is equal to the sum of elements (nyv)x. Since ng is in P(A), and since I 
is a left-ideal in the ring P(H), it follows that every (y¢)x belongs to I and that 
therefore” I = P(A). 

If I is the cross-cut of P(H) and of some left-ideal in A, then I is in particular 
the cross-cut of P(H) and I*, the smallest left-ideal in A containing I. Since 
every element in I induces a linear transformation of the cycle G/H of order n 
upon some subeycle of G, it follows that the orders of the elements in S = G" 
do not exceed n. If C is some coset which generates the cycle G/H, then S 
consists of all the elements C%e for x in I and e in £. It is a consequence of 
Lemma 5.1 that there exists an H-automorphism ¢ of G which maps H into part 
of H and the coset C into part of Ce. Since C** = C%e, and since ¢x is in I* 
and maps H upon 0, it follows that gx is in I and that S consists exactly of all 
the elements C‘ fort in I. Thus S is an E-admissible subgroup of @ the orders 
of whose elements do not exceed n. If x isan element in P(H) M A(S), then there 
exists an element ¢ in I such that C’ = C*, since S consists of all the C‘ for « 
in I. But this implies clearly ¢ = « so that I = P(H)NMA(S). Suppose now 
that T is an H-admissible subgroup of G the orders of whose elements do not 
exceed n and which satisfies: 1 = P(H)N A(T). If ¢ is an element in 7, then 
n(tE) = n(t) S n = n(G/H); and it is a consequence of 1E that there exists an 
E-automorphism y of G which maps H upon 0 and C upon ¢ (7 clearly belongs 
to I). Hence T = G' = S. 

If the orders of the elements in the Z-admissible subgroups S, of G do not 
exceed n, then the orders of the elements in the E-admissible subgroup 
S = 8S, do not exceed n (by 1A). Clearly >>, (P(A)NA(S,)) S 
P(H)NA(S). If ¢ is an element in P(H)NMA(S), then C* for C a generating 
coset of G/H is an element in S so that C*’ = s; + --+ + s, where s; is an ele- 


‘t The hypothesis that H is an anti-cycle in D(@;EZ) has not been used in this part of the 
proof. 
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ment in S,,. There exists an H-automorphism ¢; in P(H)NMA(S,;) which 
maps C upon s;. Clearly g = g1 + --- + ¢x, proving the desired equality (ec), 

THEOREM 9.2: Suppose that G is a primary abelian operator group over the 
(primary) ring E, that Z is a cycle of order n # O in D(G; E), and that I is a 
right-ideal in the subring A(Z) of A(G; E). 

(a) If Z is a direct summand of G, then I is the cross-cut of A(Z) and of a right- 
ideal in A.” 

(b) There exists at most one E-admissible subgroup S of G such that the orders 
of the elements in G/S do not exceed n and such that 1 = A(Z) NM P(S). 

(ec) If 1 ts the cross-cut of A(Z) and of a right-ideal in A, and if G/N(1) is a sum 
of a finite number of cycles, then the orders of the elements in G/N (1) do not exceed 
nand 1 = A(Z)N P(N(I)). 

Proor: If Z is a direct summand of G, then there exists an (idempotent) 
E-automorphism ¢ of G which maps G upon Z and which leaves invariant all 
the elements in Z. The smallest right-ideal in A which contains I is I* = IA, 
and every element in I* is the sum of products xg for x in Iand gin A. Ifa 
is an element in A(Z), then w = wf; and every element in I* M A(Z) is therefore 
the sum of products x(¢¢) for x inI and gin A. Since every ¢f is in A(Z), and 
since I is a right-ideal in A(Z), it follows that every x¢¢ is in I, i.e. I = A(Z) NI*. 

The statement (b) is an immediate consequence of the following lemma. 
(b*) If S is an E-admissible subgroup of G, if the orders of the elements in 
G/S do not exceed n, theri S = N(A(Z) NM P(S)). 

It is clear that S < N(A(Z)NP(S)). To prove the opposite inequality 
consider a basis B of G/S. Since the orders of the elements in B do not exceed 
n, there exists to every element b in B an E-automorphism ¢(b) of G in P(S) 
which maps the coset b of G/S upon an element of order n(b) in Z and which 
maps all the other elements in B upon 0. If 2 is an element not 0 in G/S, 
then « = )>°» ins be(b) where the e(b) are elements in E almost all of which are 
0. There exists at least one element in B, say v, such that ve(v) # 0; and it is 
clear that x°“” is different from 0. This completes the proof of (b*) (and (b)). 

If y is any automorphism in A(Z), then G/N(y) is a cycle of an order not 
exceeding n and consequently GP" < N(y). If I is any subset of A(Z), then 
N(I) is the cross-cut of all the N(y) for y in I so that GP” < N(1I); and the orders 
the of elements in G/N (1) do not exceed n. 

If I is the cross-cut of A(Z) and of some right-ideal in A, then I = A(Z) NI* 
where I* = IA is the smallest right-ideal in A which contains I. It is clear that 
N(1) = N(I*) and that I < A(Z)N P(N(1)). We consider the set Q of all the 
pairs (U, V) with the following properties: 

(i) U and V are E-admissible subgroups of G/N (I) and G/N(1) is the direct sum 
of U and V. 

(ii) To every automorphism s in A(Z) M P(N(1)) there exists an automorphism 
s* in I which maps V upon 0 and which coincides with s on U. 


“2 For the proof of (a) we need not assume that Z is a cycle in D(G;E). 
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This set Q is not vacuous, since the pair (0, G/N(I)) meets the requirements 
(i), (ii). To prove (c) we assume that G/N(1I) is the sum of a finite number of 
cycles. Thus the maximum condition is satisfied by the E-admissible sub- 
groups of G/N (I) and hence there exists a pair (U*, V*) in Q whose first member 
U* is as big as possible To prove (c) we need only show that V* = 0. If V* 
were not 0, then V* would contain a subcycle W of maximum order in V*. 
To every element, not 0, in W there exists an automorphism in I which maps 
this element upon an element, not 0, in Z (as follows from the definition of N (I) 
and from the fact that I < A(Z)). Thus there exists an automorphism 6 in I 
which maps the cycle WP"? of order 1 upon the cycle ZP”™ of order 1; 
and it is readily seen that W’ = ZP"”-"” is a eycle of order n(W). Since 
(U*, V*) belongs to Q, there exists an automorphism 6* in I which coincides 
with 6 in U* and which maps V* upon 0. The automorphism « = 6 — & 
belongs to I (since J is an ideal), maps U* upon 0 and W upon ZP™""“”. Denote 
by V** the set of elements in V* which are mapped upon 0 by e, and put U** = 
U* + W. Since e maps V* upon a cycle of order n(W), and since W is a sub- 
cycle of maximum order of V*, it follows that G/N(I) is the direct sum of 
the E-admissible subgroups U** and V**. If ¢ is any automorphism in 
A(Z) NM P(N(1)), then there exists—by (ii)—an automorphism ¢g* in I which 
coincides with g on U* and which maps V* upon 0. Since g maps W upon part 
of ZP”""“” = W‘, there exists an E-automorphism p of ZP”~"“”’ such that 
g and ep coincide on W. There exists by Lemma 5.1 an E-automorphism o 
of G which induces p in ZP"~"“"; and eo is clearly an automorphism in I = 
I*NA(Z). The automorphism ¢** = ¢* + eo belongs to I, maps V** upon 0 
and coincides with g on U**. Thus we have shown that the pair (U**, V**) be- 
longs to the set Q in spite of the fact that U* < U**, a contradiction which 
completes the proof. 

Coro.iary 9.3: Suppose that G is a primary abelian operator group over the 
(primary) ring E, and that Z is a cycle of order n(A40) in D(G; E). 

(a) G/GP” is the sum of a finite number of cycles if, and only if, A(Z) NI = 
A(Z) N P(N(A(Z) ND) for every right-ideal 1 in A(G; E). 

(b) If S and T are E-admissible subgroups of G such that the orders of the elements 
in G/S and in G/T do not exceed n, then (A(Z) M P(S)) + (A(Z) N P(T)) = 
A(Z)NP(SN T). 

Proor: GP” < N(A(Z) 11), since Z is a eycle of order n. If G/GP" is the 
sum of a finite number of cycles, then G/N (A(Z) 11) is the sum of a finite num- 
ber of cycles; and A(Z)N1I = A(Z)N P(N(A(Z)N1)) for right-ideals I in A 
is a consequence of Theorem 9.2, (c). Suppose now that this identity holds 
for every right-ideal I in A. It is a consequence of 1E that G/GP" is the direct 
sum of cycles Z, of positive order not exceeding n. The set I of all the E-auto- 
morphisms which map GP" and almost all the Z, upon 0 is readily seen to be a 
right-ideal in A; and the cross-cut If A(Z) consists exactly of those E-auto- 
morphisms of G which map G@ into part of Z and which map GP" and almost 
all the Z, upon 0. Since n(Z,) S n = n(Z), it follows that N(I) = GP" = 
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N(A(Z) M1). Hence there exists an automorphism w in P(N(A(Z) 11)) which 
maps GP" upon 0 and [every] Z, upon ZP”-"*”. Since w belongs to A(Z), 
it follows from the validity of the identity in (a), that w belongs to I so that the 
automorphism w which maps none of the Z, upon 0 maps almost all the Z, upon 
0. Hence there exists only a finite number of Z, ; and this completes the proof 
of (a). 

To prove (b) we need only show that every automorphism ¢ 
in A(Z) N P(S/N T) belongs to (A(Z) N P(S)) + (A(Z) N P(T)). Since the orders 
of the elements in G/S and G/T do not exceed n, it follows that GP” is part of 
S and of 7, and that therefore the orders of the elements in G/(S/N 7) do not 
exceed n. Hence an E-automorphism vy of G may be constructed which maps 
~ § upon 0 and coincides with g on 7' and which maps G into part of Z. Then 
7 is in A(Z) M P(S) and ¢ — 7 is in A(Z) 1 P(T); and this completes the proof 
of (b). 

Remark: In sections 5 to 8 we obtained fairly similar results for right- and 
for left-annulets, though we had to use different methods in proving these facts. 
In this section 9 even the results turned out to be different (ef. in particular 
Corollary 9.3, (a) and Theorem 9.1, (e)). The following argument will give 
some explanation of this difference in behaviour between right- and left-annulets. 

1. If Z is a cycle of order n ¥ 0 in D(G; E), E a primary ring, then GP" is 
mapped upon 0 by all the automorphisms in A(Z); and the automorphisms in 
A(Z) map G/GP" into the cycle Z. Thus the automorphisms in A(Z) behave 
just like the characters of G/GP” with values in Z; and A(Z) is essentially the 
character group of G/GP" (in Z).” If S is an E-admissible subgroup of G which 
contains GP", then A(Z) M P(S) consists just of those characters of G/GP” which 
map S upon 0. This correspondence between the subgroups in D(G/GP"; E) 
and right-ideals in the ring A(Z) is a duality of D(G; E) upon a certain aponemn of 
right-ideals in the ring A(Z). 

2. If H is an anti-cycle of index n # 0 in D(G; EF), C a generating coset of the 
cycle G/H, and G, the subgroup of all the elements in G whose order does not 
exceed n, then there exists to every element x in G, one and only one E-auto- 
morphism ¢ = ¢(x) in P(H) such that « = C*, and hence C?”” = G,. Mapping 
x upon g(x) constitutes an isomorphism of G, upon P(H); and P(H) NM A(S) 
is just the image of the E-admissible subgroup S of G under this isomorphism. 
Thus G, and P(#) are essentially the same. 

3. If the group G is the sum of a finite number of cycles, then it is well known 
that G and its character group are very similar and their respective systems of 
subgroups are duals. Without this hypothesis this duality breaks down” and 
can only be reconstructed by resort to topological means.*° Since these donot 


44 


43 Cp. Lewis (1). 

44 Cp. e.g. Baer (4), II, 4 and Lewis (1). 

45 Jt has been shown that this finiteness-hypothesis is (under certain circumstances) 
actually necessary for the existence of a dual; ep. Baer (3). 

46 Pontrjagin (1), Ch. V. 
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enter into our considerations, G and its character group will in general be rather 
dissimilar; and thus right- and left-annulets will behave differently. 


CuHapTrerR IV: CHARACTERIZATION OF AUTOMORPHISM RINGS 


In Chapter III we have derived a number of properties which are satified by 
the annulets in the automorphism rings of primary abelian operator groups. 
It is the object of this present Chapter IV to prove that the automorphism rings 
of primary abelian operator groups are the only rings with these properties. 


10. Idempotents 


We consider a ring K which shall always be assumed to contain an identity 
element 1. If S is any subset of AK, then we define as the right (resp. left)- 
annulet R(S) (resp. L(S)) determined by S the set of all the elements x in K 
which satisfy: se = 0 (resp. xs = 0) for every s in S. The right (resp. left)- 
annulets are right (resp. left)-ideals; cross-cuts of right (resp. left)-annulets 
are right (resp. left)-annulets; S < T implies R(T) S R(S) (resp. L(T) S 
L(S)); and R(L(R(S))) = RCS) (resp. L(R(L(S))) = L(S)). 

If U and V are subsets of K, then their sum U + V consists of all the sums 
u+vforuin U andvin V. If U and V are ideals whose cross-cut is 0, then 
U + V is the direct sum of U and V, and U is a direct summand of U + V. 
An element g in K is an idempotent if g = g’. In the following we collect certain 
well known“’ connections between the concepts: annulet, direct summand of the 
ring K and idempotent, which will prove useful in the future; but it should be 
kept in mind that these remarks refer only to an important subclass of the set of 
annulets. 

Lemma 10.1: The ring K is the direct sum of the right (resp. left)-ideals U and 
V if, and only if, there exist idempotents u and v such that 1 = u +0, w = vu = 0 
and U = uK, V = oK (resp. U = Ku, V = Kv). 

Lemma 10.2: If the idempotents u and v in the ring K satisfy: 1=u+vand 
uv = vu = 0, then R(u) = R(Ku) = vK, R(v) = R(Kv) = uK (resp. L(u) = 
L(uk) = Kv, L(v) = L(vK) = Ku). 

Lemma 10.3: The right (resp. left)-ideal U is a direct summand of K if, and 
only if, there exists an idempotent u such that U = uk (resp. U = Ku). 

Lemma 10.4: If u ts an idempotent and S a subset of the ring K which contains 
uS and/or Su, then uS = SNuK and/or Su = SN Ku. 

We note in particular the following important consequence of Lemmas 10.1 
and 10.2: If K is the direct sum of the right (resp. left)-ideals U and V, then 
U and V are right (resp. left)-annulets whose cross-cut is 0; and K is the direct 
sum of L(U) and L(V) (resp. R(U) and R(V)) so that L(U)N L(V) = 0 (resp. 
R(U)NR(V) = 0). 


11. Groups Contained in the Ring K 
If J is a right-ideal in the ring K, then J is a subring of K and in particular J 


47 Cp. e.g. von Neumann (1), Ch. II, p. 7/8. 
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is an additive abelian group. Every cross-cut of J and of a left-ideal in K is 
subgroup of this abelian group J and the set of all these subgroups shall be derioted 
by D(J). 

If x is any element in K satisfying xJ < J, then xS < S for every subgroup § 
of the group J which is contained in D(J); the elment x induces in J an endo- 
morphism (cf. section 4) which may be termed D(./)-admissible, since it maps 
every subgroup in D(J) into itself. T'he system of all the endomorphisms of J 
which are obtained by left-multiplication by elements in K shall be denoted by 
E(J). The elements x in K which satisfy: J < J form a subring L*(J) of K 
which clearly contains L(/); and one verifies readily that mapping the element 
x in L*(J) upon the endomorphism in E(J/) which x induces in J constitutes an 
anti-isomorphism of L*(.J)/L(J) upon E(J). 

If x is any element in K, then Jz S J, since J is a right-ideal in K and the 
element x induces therefore in this fashion an endomorphism in the group J. 
If e is any endomorphism in E(J), then e maps every element y in J upon an 
element ye in J; and there exists by the definition of E(J) an element f in L*(.J) 
such that fy = ye for every yin J. If x is any element in K, y an element in J, 
e an element in E(J/) and f an element in L*(J) inducing e in J, then (ye)x = 
(fy)x = f(yx) = (yx)e so that x induces in J an E(J)-automorphism which we 
denote by y*. The system of these E(J)-automorphisms of J shall be denoted 
by A(J); and it is clearly isomorphic to K/R(J) (this is not important, since 
in all our applications R(J) will be 0). 

Lemma 11.1: Jf the right-ideal J in K is generated by some idempotent j, i.e. 
if J = jK, then every endomorphism in E(J) is induced by one and only one 
element in the ring jKj (with identity element 7) and in this fashion an anti-iso- 
morphism of the ring jKj upon the ring E(J) is defined; and D(J) is exactly the 
system D(J; E(J)) of all the E(.J)-admissible subgroups of J as well as the system 
of all the left-ideals in the ring J. 

Proor: An element y belongs to the right-ideal J = jK, for 7 an sealiaal 
if, and only if, y = jy. If eis any element in E(./), then there exists an element 
f in L*(J) such that ye = fy for every y in J. Since y and ye are elements in 
J, we have y = jy and ye = j(ye); and thus it follows that ye = j(ye) = j(fy) = 
Gfy = = Gfi)y. It is obvious that jKj < L*(J/) and that 7f7 induces 
the null-element of E(./) if, and only if, 7f7 = 0. 

The cross-cut of J and of a left-ideal in K is a left-ideal in the ring J. From 
what we have shown just now it follows that every left-ideal in the ring J is an 
E(J)-admissible subgroup of the abelian group J. If finally S is an E(J/)- 
admissible subgroup of the abelian group J, then S = jS, since S S$ jK = J, 
and S = SE(J). Consequently we may deduce from Lemma 10.4 that the 
cross-cut of the left-ideal KS and of J is exactly KSN J = jKS = jKjS = 
SE(J) = S; and this completes the proof of our lemma. 


12. The Postulates 


In this section we are going to enumerate a number of properties of rings; we 
shall show that the automorphism rings of primary abelian operator groups 
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meet these requirements and we shall discuss a few of the interrelations between 
these postulates. In the next section we shall prove that the automorphism 
rings of primary abelian operator groups are the only rings satisfying these 
conditions. 

If K is a ring (containing an identity element 1), then we shall denote by 
RA(K) (resp. LA(K)) the partially ordered set of all the right (resp. left)-annulets 
in K. Both RA(K) and LA(K) contain the (set-theoretical) cross-cuts of all 
their subsets; and thus they contain with any subset a smallest annulet con- 
taining all the annulets in the given set: the join of the annulets in the set. We 
note that these joins of annulets need not be their ideal-theoretical sums. The 
mappings: H upon L(H) and J upon R(J) constitute reciprocal dualities of 
RA(K) upon LA(K) and of LA(K) upon RA(K). 

I. If H; = R(J,) and J; = L(A), and if = 0 = Jif Je, then Hy + He = 
K J 1 + J. 2. 

It is a consequence of Theorem 7.1, (c) that this postulate I is satisfied by the 
automorphism rings A of primary abelian operator groups. 

II. If H is a cycle of ordern # Oin RA(K), then 

(a) D(H) is a ring™ of subgroups of the additive abelian group H; and 

(b) to every S in D(H) there exists one and only one S* in LA(K) such that S = 
H 1) S* and such that the orders of the subcycles of S* in LA(K) do not exceed n. 
It is a consequence of Theorem 9.1, (c), (b) that this postulate II is satisfied 
by the automorphism rings of primary abelian operator groups. 

III. If H is a cycle of maximum order m in RA(K), if J is a cycle of order n(S m) 
in LA(K), if K is the direct sum of J and some left-annulet in K, and if V is a 
right-ideal in K such that VO J S H, then there exists a right-annulet W in K 
such thatWNJ=VNVJ. 

That ITI is satisfied by the automorphism rings A(G; £) of primary abelian opera- 
tor groups G over (primary) rings , may be seen as follows: It is a consequence 
of the Fundamental Theorem of section 2 that H is a cycle of maximum order 
m in RA(A) if, and only if, H = P(S) for S an anti-cycle of maximum index m 
in D(G; E); and that I is a cyclic direct summand of A in LA(A) if, and only if, 
I = A(T) for T a cyclic direct summand of G in D(G; E). If ¥ is a right-ideal 
in A such that I < H, then N(H) N(WN I). Since S = N(P(S)) = 
N(H), it follows that N(¥ 11) is an anti-cycle in D(G; E); and that therefore 
by Theorem 9.2, (c) we have ¥ NI = A(T) N P(N(W = ND) NI, as 
was to be shown. 

IV, i. There exists an integer m such that both RA(K) and LA (K) contain at least t 
independent cycles of order m and such that neither contains cycles of an order 
exceeding m. 

This condition IV, i shall only be used for i = 1, 2,3. We note that condition 
IV, 1 states only the following fact: The orders of the cycles in RA(K) and in 
LA(K) are bounded and the maximum order of the cycles in RA (K) is the same 
as the maximum order of the cycles in LA(K). It is a consequence of 1E and 


48 In the sense of 1B. 
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of the Fundamental Theorem of section 2 that postulate IV, 1 is satisfied by the 
automorphism rings of primary abelian operator groups. It should be noticed 
that III would be vacuous, if IV, 1 were not true. 

THEOREM 12.1: (1) If II, (b) and IV, 1 are satisfied by the ring K, and if G isa 
cycle of maximum order m in RA(K), then a projection of LA(K) upon D(G) is 
effected by mapping the left-annulet J upon JN G. 

(2) If II and IV, 1 are satisfied by the ring K, then RA(K) and LA(K) are com- 
plete modular lattices. 

Proor: Every element in D(G) has the form (by definition of D(G)): GN V 
for V a left-ideal in K. Since m is the maximum order of the cycles in LA(K), 
there exists to every left-ideal V in K one and only one left-annulet V* such that 
GN V = GN V*; and this proves (1). (2) is an immediate consequence of (1), 
since rings of subgroups of abelian groups are complete modular lattices, and 
since RA(K) and LA(K) are duals of each other 
V. The following conditions are satisfied by the partially ordered set LA(K). 

(a) The modular (Dedekind’s) law. 

(b) If S ts a not vacuous set of cycles in LA(K), if S contains every cycle in LA(K) 
which is part of the join of a finite number of cycles in S, then there exists one and 
only one left-annulet Ls in K such that the cycles in S and only these are part of Ls . 
(c) If U and V are left-annulets in K, if U < V, and af there exist at most two dif- 
ferent left-annulets between U and V which are modulo” U cycles of order 1, 
then V is a cycle modulo ©. 

It is a consequence of 1E, 1F and the Fundamental Theorem of section 2 
that this postulate is satisfied by the automorphism rings of primary abelian 
operator groups. 

It has already been shown (Theorem 12.1, (2)) that V, (a) may be deduced 
from II and IV, 1. It is easily deduced from V, (b) that every left-annulet in K 
is the join of cycles” in LA(K); and it follows from Theorem 12.1, (1) that V, (0) 
is a consequence of II, IV, 1-and this last condition. 

The part of IV, 1 which states that the maximum order of the cycles is the 
same in RA(K) and in LA(K) may be derived from V, since LA(K) and RA(K) 
are duals of each other, and since it may be shown” that K is in RA(K) and in 
LA(K) the direct sum of a cycle of maximum order and of an anti-cycle of 
maximum index. 

THEOREM 12.2: Jf I, II, (b), IV, 1 and V are satisfied by the ring K, and if G 
is a cycle of maximum order m in RA(K), then G = jK for some idempotent 
jin K, and D(G) is a ring of subgroups of G. 

Proor: It is known” that there exists because of V an element H in RA(K) 
satisfying: K is the join and 0 the cross-cut of G and H. This implies that 0 
is the cross-cut of L(G) and L(H); and hence it follows from I that A is the 


‘9 U is modulo V a cycle of order n, if V is part of U, and if U is a cycle of order n in the 
partially ordered set of the elements between U and V. 

50 Though it need not be the join of a finite number of cycles. 

5t Baer (4), Theorem I.3.6 and I.5.1. 
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direct sum of G and H. Now we deduce from Lemma 10.1 that G = jK for j 
an idempotent in K; and we deduce from Lemma 11.1 that D(G) is just the ring 
of all the £(G)-admissible subgroups of the abelian group G. 

VI. If X and Y are cycles in RA(K), and if X is a cycle of maximum order in 
RA(K), then™ XY 

It is a consequence of Theorem 8.1, (a) that VI is satisfied by the auto- 
morphism rings of primary abelian operator groups. 

The last postulate which we require will be vacuous, if K is the join of a finite 
number of cycles in RA(K). To enunciate postulate VII two concepts are 
needed: We denote by W = W(K) the class of all the right-annulets in K which 
are cross-cuts of a finite number of anti-cycles in RA(K); and we term W-function 
any single-valued function f(J) of the right-annulets J in the class W with the 
following properties: 


S(J) ts a coset of K/J: and J <= H implies f(J) S f(A). 


We note that 0 is in the class W if, and only if, 0 is the cross-cut of a finite 
number of anti-cycles in RA(K); and this is equivalent to saying that K is the 
join of a finite number of cycles in RA(K). 
VII. To every W-function f(J) there exists one and only one element f in K such 
that f(J) = J +f for every J in W. 

It is a consequence of Theorem 6.3 that the postulate VII is satisfied by the 
automorphism rings of primary abelian operator groups. 

It may be mentioned that the uniqueness of the element f in K occurring in 
VII may be derived from the other postulates. 


13. Completeness of the System of Postulates 


In this section we are going to prove the following Existence Theorem: 

The postulates I to IIT, IV, 2, and V to VII are satisfied by the ring K containing 
an identity element 1 if, and only if, there exists a primary abelian operator group 
G over a (primary) ring E. such that D(G;E) contains at least two independent 
cycles of maximum order and such that K is isomorphic to the ring A(G;E) of all 
the E-automorphisms of G. 

It has been shown in section 12 that the postulates I to III, IV, 1, V to VII 
are satisfied by the automorphism rings of primary abelian operator groups; 
and that IV, 2 is satisfied whenever D(G;E) contains at least two independent 
cycles of maximum order, is an immediate consequence of the Fundamental 
Theorem of section 2. 

If IV, 1 is satisfied by the ring A, then there exists a ide G of maximum 
order m in the set RA(K) of all the right-annulets in K. We are going to prove 
that 

G is a primary abelian operator group over the (primary) ring E(G), that 
D(G;E(G)) contains at least two independent cycles of the maximum order m and 


82 For these notations cp. 1A and section 8. 


\ 
_| 
ed 
a 
as 
n- 
V 
), 
it 
), 
d 
) 
d 
2 
n 
) 
) 
1 
f 
t 
) 


222 REINHOLD BAER 


that K is (essentially) the ring of all the E(@)-automorphisms of the abelian group 
G, provided I, IT, b, III, IV, 2, V to VII are satisfied by the ring K. 

The proof of this theorem will be effected in several steps; and we shall make 

a note at each of these lemmas which of the hypotheses we actually applied in 
its proof. 
13.1. [G = jK for some idempotent j in K;] D(G@) is the ring of all the left-ideals 
in the ring G and D(@) = D(G;E(G)); every endomorphism in E(G) is induced by 
left-multiplication of G by one and only one element in the ring jKj; the rings 
jkj and G/(L(G) N G) are isomorphic and the rings E(G) and jKj are antj-iso- 
morphic. (I; I, b; IV, 1; V.) 

This statement is an immediate consequence of Theorem 12.2 and of Lemma 
11.1. 

G is a cycle of order m in RA(K) and hence it contains one and only one sub- 
eycle G of order m — i in RA(K) for 0 < i < m. 

13.2. G is a two-sided ideal in the subring G of K (V1). 

Proor: G is a right-annulet and therefore a right-ideal in K. Since @ is 
a cycle of maximum order m in RA(K), it follows from VI that GG = G® 
so that G is a left-ideal in the ring G. 

13.3. G‘"~” is the sum of all the cycles of an order not exceeding i in D(G) (I; 
II, b; IV, 1; V; VI). 

Proor: Since G‘”~” is a cycle of order i in RA(K), and since G°"~” belongs 
to D(G’”~”), there exists one and only one left-annulet L in K which contains 
G"”” and which contains only cycles in LA(K) of an order not exceeding i. 
If C is any cycle in LA(K)whose order doesnot exceed 7, then the orders of the 
subeycles of the join of L and C in LA(K) do not exceed 7 (by 1A). Hence C 
is part of L, since G”~” is part of the join of Land C. Clearly L is the smallest 
left-annulet containing G°”~”; and it is a consequence of V, b that L is the join 
of all the cycles in LA(K) une orders do not exceed 2. 

It is a consequence of 13.2 and 13.1 that G°”~” belongs to DG). Hence 
there exists by II, b one and only one left-annulet L* such that Gg” = GN. 
Since L is the smallest left-annulet containing G°”~’, this implies L = L*. 
It is a consequence of II, b that a projectivity of LA(K) upon D(G) is obtained 
by mapping every left-annulet in K upon its cross-cut with G. Hence we may 
deduce from 13.1 that G’~-” = GN L is the sum of all the cycles in D(G) of an 
order not exceeding 7. 

13.4. E(G) is a cycle of order m in the partially ordered set of all the right-ideals” 
in the ring E(G) (I; I,-b; IV, 1; V). 

Proor: It is a consequence of 13.1 that the rings G/(L(G) N G) and E(G@) 
are anti-isomorphic; and hence it suffices to prove that G is a cycle of order m 
in the partially ordered set of left-ideals in G which contain L(G) NG. If J 
is such a left-ideal in G, then it follows from 13.1 that J belongs to D(@); and 
thus we may deduce from II, ¢ that there exists one and only one left-annulet L 


53 This implies that every right-ideal in E(@) is a two-sided ideal. 
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satisfying J = GN L. It is a consequence of II, b and of L(G) NG < LNG, 
that L(@) S L; and this implies R(L) < R(L(G)) = G, since G is a right-annulet. 
But the G° for 0 < i S mare the only right-annulets contained in G so that 
R(L) = G®, L = L(G) and J = L(G) NG for some i. G is therefore a 
cycle of an order not exceeding m in the partially ordered set of left-ideals in 
G which contain L(G) NG. The order is exactly m, since G for 0 < i < 
j < m, since therefore all the L(G”) are different, and since consequently the 
inequality of the GN L(G) for 0 < i < m may be deduced from II, b. 

13.5. E(G) is a primary ring (with m(E(G)) = m) (I; II, b; IV, 2; V). 

Proor: E(G) contains an identity element 1 and G is an abelian operator 
group over the ring E(G). It is a consequence of 13.1 that D(G) = D(G;E(G)); 
and it follows from IV, 2 that D(G;E(G)) contains at least two independent 
cycles of maximum order m. We infer from 13.4 and V, ¢ that the criterion 
1F may be applied on the ring L(G) and E(G) is shown to be a primary ring with 
m(E(G)) = m. 


We recall that A(G@) is the set of all the H(@)-automorphisms of the abelian 
group G which are induced by right-multiplication of G by elements in K; and 
that A(G) and AK /R(G) are isomorphic rings. 

13.6. R(G) = 0 so that A(G) and K are essentially the same (II, b; IV, 1). 

Proor: There exists by II, b one and only one left-annulet containing G. 
But G is part of both K and L(R(G)) so that K = L(R(G)) or 0 = R(K) = RG). 
13.7. If the abelian group G is the direct sum of the subgroup U in D(G) and of 
the cycle Z = zE(G) in D(G), and if the order of the element t in G does not exceed 
n(Z), then there exists one (and only one) E(G)-automorphism in A(G) which maps 
U upon 0 and z upon t (I; II, b; III; IV, 2; V; VI). 

We note that it is a consequence of 13.1 that the evcles in D(G) are of the form 
gE(G) for g in G, and that it is a consequence of 13.5 that G (as well as the sub- 
groups in D(G@)) are primary abelian operator groups over the (primary) ring 
E (@). 

Proor: There exists by II, b to every S in D(G) one and only one left-annulet 
S* in K such that S = GN S*, since G is a cycle of maximum order m in RA(K), 
and since m is by IV, 1 the maximum order of the cycles in LA(K). It is a con- 
sequence of 13.1 that a projectivity of D(@) upon LA(K) is effected by mapping 
S upon S*. 

U is a primary abelian operator group over the (primary) ring E(@). Hence 
it follows from 1E that U is the direct sum of cycles Z, in D(G); and there exist 
uniquely determined elements c, c, in Z and Z, respectively almost all of which 
are 0, whose sum is ¢ and whose orders do not exceed n(t) S n(Z). 

K is the direct sum of Z* and U*, since 0 is the cross-cut and K the join of Z* 
and U* in LA(K), since therefore 0 is the cross-cut of R(Z*) and R(U*), and 
since we may apply J. We infer from Lemma 10.1 the existence of idempotents 
eand f such that 1 = e + f, ef = fe = 0, Z* = Ke, U* = Kf and R(U*) = eK. 
Likewise we prove the existence of idempotents e, such that Z: = Ke,. 
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Since G is a cycle of maximum order in RA(K), since Z* is a cycle in LA (K), 
since K is the direct sum of Z* and of some left-annulet in K, and since zi M Z* = 
zK N Ke = zKe S G (by Lemma 10.4 and the right-ideal property of G), it follows 
from III that there exists a right-annulet 7 in K such that zKe = 7/1 Z*. 
Since the cross-cut of right-annulets is a right-annulet, and since G is a cycle 
in RA(K), we deduce that TN G = G for 0 < i <‘m; and we infer from 
2Ke S$ G that @° NZ* = TNGN Z* = zKeNG = 2Ke. Since z belongs 
to Z, it belongs to Z* = Ke so that z = ze belongs to zKe. It is a consequence 
of 13.1 and 13.2 that G” belongs to D(@) and thus G” contains with z the sub- 
group Z = zE(G) in D(G), ie. 


ZSG°NZ* =2zKe s<GNZ*=Z or Z=2Ke. 


Since the element c belongs to Z, and since z = ze, there exists an element ec’ 
such that c = zec’e. 

Since U* is an anti-cycle of order n(Z) in LA(K), it follows that R(U*) = eK 
is a cycle of order n(Z) in RA(K); and it follows from VI that Gek = G°"~"?” 
(remembering that G is a cycle of maximum order m in RA(K)). It is a conse- 
quence of Lemma 10.3 and of 13.3 that GeKe, = GeK N Ke, = G""-"” NZ = 
Gr" NENZ =a"" NZ, = Z, where n = n(Z) and where Z, is the 
uniquely determined subeyele of Z, in D(@) whose order is the minimum of 
n(Z) and n(Z,). Since the order of the element c, in Z, does not exceed n(Z), 
and since Z = zKe, it follows that c, is an element in Z, = GeKe, = (G/N Ke)eKe, 
= (GN Z*)eKe, = ZeKe, = zKeKe,; and hence there exist elements c, .€ 
such that ¢, = zec,ec,e, , since z = ze. Since almost all the c, are null, we may 
assume that almost all the elements ec/ec, ¢, are null; and hence we may form the 
element b = ec’e + >> ,ecjec,e,. Clearly eb = b so that Ub < U*b = Kfeb = 0; 
and zb = zec'e + zecyec,e, =c + =¢. Thus we have shown that right- 
multiplication of G by the element b induces an E(G)-automorphism in A (G) 
which maps U upon 0 and z upon f. 

13.8. Every finite’ E(G)-automorphism of the abelian group G is contained in 
A(G@) (I; II, b; III; IV, 2; V; VI). 

Proor: If ¢ is a finite E(G)-automorphism of G, V(¢) the set of all the ele- 
ments in G that are mapped upon 0 by ¢, then there exists by Lemma 6.1 a 
finite number of cycles 2:;2(G) = Z; in D(G) and a subgroup V in D(G@) such 
that G is the direct sum of V and the Z; and such that V S N(¢), since G is by 
13.5 a primary abelian operator group over the (primary) ring E(G@), and since 
D(G) = D(G;E(G)) by 13.1. Since n(z?) S n(Z,), there exists by 13.7 an E(G)- 
automorphism ¢; in A(@) which maps V + )>,; Z; upon 0 and z; upon z?. It is 
readily seen that ¢ = > iv; ; and consequently ¢ belongs to A (G), since A(G) isa 
ring of automorphisms. 

13.9. Every E(G)-automorphism of the abelian group G is contained in A(G) 
(I; II, b; III; IV, 2; V; VI; VII). 


54 For definition and properties of finite automorphisms, cp. section 6. 
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Proor: If J is a right-annulet, then J = R(L(J)) < R(L(J) N G) and 
LW) ANG L(R(L(J) NG). It is a consequence of b that L(J/) is the 
only left-annulet in K whose cross-cut with G is just GM L(J) and thus we 
deduce from the last inequality that L(J) < L(R(L(J) N G)). Hence 
RL(J) NG) = R(L(R(L(WJ) NG))) s = J S R(L(J) NG) and thus 
we have shown that every right-annulet J in K satisfies: 


J = NG). 


To apply postulate VII we have to consider the class W of all the right- 
annulets in A which are cross-cuts of a finite number of anticycles in RA(K). 
Clearly the right-annulet J belongs to the class W if, and only if, L(./) is the 
join of a finite number of cycles in LA(K); and it is a consequence of 13.1 and 
II, b that the latter property is equivalent to the condition: L(/J) N G is the 
sum of a finite number of cycles in D(G). 

If g is an E-automorphism of G, J a right-annulet in the class W, then we 
denote by f(J) the set of all the elements in K which induce by right-multipli- 
cation in G an automorphism ¢ in A(@), satisfying: § = ¢ mod P(L(J) N G), 
ie. f(J) consists of all the elements x in K which satisfy: yr = y® for every 
element y in L(J) NG. 

If J is in the class W, then L(J) M G is the sum of a finite number of cycles in 
D(G) = D(G;E(G)) and the right-annulet P(L(J) MN G) in the automorphism 
ring A(G;E(@)) of the primary abelian operator group G over the (primary) 
ring L(G) (ef. 13.5) is the cross-cut of a finite number of anti-cycles in the par- 
tially ordered set of all the right-annulats in A(G;E(G)), as may be inferred 
from the fundamental theorem of section 2. Hence it follows from Theorem 
6.3, (b) that there exists a finite E(@)-automorphism p of G satisfying: p = ¢ 
mod P(L(J) NM G); and this shows by 13.8 that f(/) is not empty. 

If the right-annulet H belongs to the class W, and if H < J, then L(J)NG < 
L(H) NG. If furthermore z is an element in L(J) M G, y an element in f(/) 
and z an element in f(H), then it follows that zy = 2° = xz; and this shows that 
y — z belongs to R(L(J) NG) = J. Now it is readily seen that f(J) is a coset 
of K modulo J, and that H S J implies f(H) S f(J/), i.e. f(J) is a W-function. 
Hence there exists by VII one and only one element f in K such that f(J) = J +f 
for every J in the class W. 

If g is any element in G, then there exists by II, b one and only one left-annulet 
L, such that gE(G) = L,N G. Clearly J, = R(L,) belongs to the class W, 
since L(J,) = L(R(L,)) = L, isacyclein LA(K). Since g belongs to L(J,) NG, 
and since f belongs to f(J,), it follows that gf = g*; and this shows that ¢ belongs 
to A(G). 

It is a consequence of 13.5 that G is a primary abelian operator group over the 
(primary) ring E(G) (with m(E(G)) = m); it is a consequence of 13.1 that 
D(G;E(G)) = D(G) contains at least two independent cycles of maximum 
order m = m(E(G)); it is a consequence of 13.6 that K and A(@) are essentially 
the same; and it is a consequence of 13.9 that A(G@) is exactly the ring of all the 
E(G)-automorphisms of G; and this completes the proof of our theorem. 
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14. Rings with the same Ideal Theory 


The rings K and K* are said to have the same ideal theory, if there exists a 
transformation f which maps in a biunivoque fashion the set of right-ideals in 
K upon the set of right-ideals in K*, the set of left-ideals in K upon the set of 
left-ideals in K*, the set of cross-cuts of right- and left-ideals in K upon the set 
of cross-cuts of right- and left-ideals in K* and which satisfies the following rules: 
(1) If R is a right-ideal in K and L a left-ideal in K, then (RN L)* = R° NL’; 

and (LR)* = L°R®. 
(2) If S and 7 are both right-ideals or both left-ideals in K, then (ST')” = S*T*; 
and S is part of T if, and only if, S® is part of T°. 

THEOREM: Suppose that G is a primary abelian operator group over the (pri- 
mary) ring E, that D(G;E) contains at least three independent cycles of maximum 
order m(E), and that the ring K contains an identity element 1 and satisfies postu- 
late VII of section 12. Then the automorphism ring A(G;E) and the ring K have 
the same ideal theory if, and only if, they are isomorphic. 

Proor: Isomorphie rings clearly have the same ideal theory. Thus let us 
suppose that the rings A(G;#) and K have the same ideal theory. _ It is a conse- 
quence of the Existence Theorem of section 13 that the postulates I; II, b; III; 
IV, 3; V; VI are satisfied by the automorphism ring A(G;E); and consequently 
the postulates I; II, b; III; IV, 3; V; VI; VI] are satisfied by the ring K. Thus 
we infer from the Existence Theorem of section 13 the existence of a primary 
abelian operator group G* over the (primary) ring £* such that m(£*) is the 
maximum order of the cycles in D(G*;£*) and such that the rings K and A(G*; E*) 
are isomorphic. It is a consequence of the Fundamental Theorem of section 2 
that there exists a projectivity of D(G;E) upon the partially ordered set 
LA(A(G;E)) of the left-annulets in A(G;E) and that there exists a projectivity 
of LA(A(G*;E*)) upon D(G*;E*); and there exists a projectivity of LA(A(G;E)) 
upon LA(A(G*;E*)), since A(G;E) and A(G*;E*) have the same ideal theory. 
Thus there exists a projectivity of D(G;E) upon D(G*;E*); and it follows from 
1G that there exists an isomorphism 7 of G upon G* and an isomorphism 7 of E 
upon E* such that (ge)’ = g’e’ for g in G and e in EF. Such an isomorphism 7 
clearly induces an isomorphism of A(G;E) upon the ring A(G*;E*) isomorphic 
to K, and this completes the proof. 


UNIVERSITY OF ILLINOIS 
Urpana, ILLINOIS 
BIBLIOGRAPHY 
A. A. ALBERT. : 
(1) Structure of Algebras. A. M.S. Colloquium Publications 24; New York, 1939. 
K. Asano. 
(1) Uber verallgemeinerte Abelsche Gruppen mit hyperkomplexem Operatorenring und ihre 
Anwendungen. Jap. Journ. of Math. 15 (1939), 231-253. 
R. Barr. 
(1) The decomposition of abelian groups into direct summands. Quart. Journ. of Math. 6 
(1935), 222-232. 
(2) The significance of the system of subgroups for the structure of the group. Amer. Journ. 
of Math. 61 (1938), 1-44. 


(3) Du 
(4) A 

h 

R. Bra 

(1) Ube 

H. Fir 

(1) Die 

k 

G. K&: 

(1) Ver 

Ss 

P. E. ] 

(1) Che 

T. Nal 

(1) On 

J. VON 

(1) Con 

L. Pon 

(1) To; 

M. 

(1) Th 

K. Suc 

| (1) Ub 
8 

(2) Ub 

6 

Tu. Sx 

(1) Zw 
( 


= 


AUTOMORPHISM RINGS 227 


(3) Duality and commutativity of groups. Duke Math. Journ. 5 (1940), 824-838. 

(4) A unified theory of projective spaces and finite abelian groups. Transactions Amer. 
Math. Soc. 52 (1942), 283-343. 

R. BRAUER. 

(1) Uber Systeme hyperkomplexer Zahlen. Math. Zeitschr. 29 (1929), 79-107. 

H. Firrine. 

(1) Die Theorie der Automorphismenringe Abelscher Gruppen und ihr Analogon bei nicht- 
kommutativen Gruppen. Math. Ann. 107 (1932), 514-542. 

G. K6rHe. 

(1) Verallgemeinerte Abelsche Gruppen mit hyperkomplexem Operatorenring. Math. Zeit- 
schr. 39 (1934), 31-44. 

P. E. Lewis. 


* (1) Characters of abelian groups. Amer. Journ. of Math. 64 (1942), 81-105. 


T. NAKAYAMA. 

(1) On Frobeniusean Algebras. Ann. of Math. 40 (1939), 611-633; 42 (1941), 1-21. 

J. VON NEUMANN. 

(1) Continuous Geometry. Princeton Lectures 1936/37. 

L. PONTRJAGIN. 

(1) Topological Groups. Princeton 1939. 

M. SHIFFMAN. 

(1) The ring of automorphisms of an abelian group. Duke Journ. of Math. 6 (1939), 579-597. 

K. Suopa. 

(1) Uber den Automorphismenring bezw. die Automorphismengruppe einer endlichen Abel- 
schen Gruppe. Proc. Imp. Acad. Japan, 6 (1930), 10. 

(2) Uber die Automorphismen einer endlichen Abelschen Gruppe. Math. Ann. 100 (1928), 
674-686. 

Tu. SKOLEM. 

(1) Zur Theorie der assoziativen Zahlensysteme. Norske Videnskab Selskapet Skrifter 
Oslo, 1927, (12). 


ANNALS OF MATHEMATICS 
Vol. 44, No. 2, April, 1943 


THEOREMS ON LINEAR COMBINATORIAL TOPOLOGY AND 
GENERAL MEASURE 


By R. Rapo 
(Received November 9, 1942) 
1, Introduction 


1.1 Consider a cube whose vertices are a; , a2, +--+, as. Give to every one 
of its 12 edges some arbitrary orientation, denoting by a, — a, the fact that 


a, and a; are joined by an edge and that, in our orientation, a, is its first and a ° 


its second endpoint. We may, for instance, agree to write a, — a; whenever 
a; is nearer to a; than q . 

Associate with every vertex a, an integer f(a,) 2 0. We shall be concerned 
with certain transformations 7 which operate on such functions f and which 
may be described as having the effect of “pushing a unit along some edge a, — a,”. 
More accurately, the transformation T**'*'"' transforms f into f,; where 


fi(ax) = f(a) 1 
fila) =f) +1 
= f(a) (n k, l). 


T**'*t"! is only applicable to f provided f(a,) > 0. 

The object of this paper is to investigate, under similar but far more general 
circumstances, whether it is possible to transform by means of a finite number 
of suitable 7-transformations, a given function f(a,) into a given function 
g(an). Weshall also consider two classes of more specialized 7'-transformations 
namely 


(i) those (denoted by 7’) for which fi(a,) = g(ax) 
(ii) those (denoted by 7”) for which fi(a:) S f(a,). 


Special cases of the general problem have been treated before (see 1.4). 

1.2 Let = ,Gn,, °°", be a non-empty set of vertices which has 
the following property: whenever a, — a, < % then a, < YX. We call such sets 
of vertices sections. If we adopt, for instance, the convention about a, > a 
mentioned in 1.1, and if a; — a, a — a; then {a,, a2, a3} is a section. A 
moment’s consideration shows that, for every section %, the function f; of 1.1 
satisfies 


+ filan,) + + filan,) + + f(an,). 


1 Brackets { } are only employed to denote sets consisting of the elements specified be- 
tween them. Relations X < @ C ©’ mean that X is element of the set S which, in turn, 
is subset of the set S’. Sums, differences and products of sets have the meaning usually 
assigned to them in the theory of point sets. 
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Hence a necessary condition for the possibility of transforming, by means of 
suitable 7'-transformations, f into g is that, for every section Y, 


(1) flan) = gan). 


Our main result states that, under more general circumstances which are ex- 
plained in 1.3, these conditions are also sufficient. 

1.3 I shall briefly indicate the kind of generalization to be made. Instead 
of the system of edges of a cube we shall consider, in the language of combina- 
torial topology, an arbitrary orientated one-dimensional complex or, using a 
different terminology, an arbitrary finite oriented graph I’. The functional 
values f(x) attached to the “points” z of I’, will not be non-negative integers 
but certain sets, subsets of a given abstract set S. The effect of a transformation 
T°’ upon f will be the removal of a subset A from the set f(a) and the addition 
of the same set A to the set f(b). Here, as before,a—bisanedgeofIl. Instead 
of postulating that after a number of suitable 7'-transformations f is changed 
into g we only require that f is transformed into a function f which is equi- 
measurable to the given function g, a term I am going to explain now. 

The sets f(x), g(x) belong to a system of sets A, B, --- for which, according to 
the definitions’ in 1, p. 62-64, a monotonic, additive and distributive measure 
| A | is defined. The relevant definitions and facts are set out in section 2 of 
this note. All commonly employed types of measure are instances of this 
general measure definition. The system of sets f(x) and the system of sets g(x) 
are called equimeasurable if, from the point of view of the measure in question, 
they are indistinguishable, i.e.: Whenever A is a set obtained from the sets 
f(z) by repeated applications of the processes of addition, subtraction and 
multiplication, and B is the set obtained by the same processes applied to the 
corresponding sets g(x) then always | A | = |B]. The simple problem of 1.1 
is a special case of this more general problem. For suppose that f(a,), g(an) 
are non-negative integers. Let f’(an), g’(an) be sets containing exactly f(a,) 
and g(a,) elements respectively, and suppose that for m ¥ n the sets f’(am), 
f'(an) as well as the sets g’(@m), g’(an) have no element in common. As measure 
| A | we employ the number of elements of A. Then the generalized problem 
for the functions f’, g’ coincides with the special problem for f, g 

Returning to the general case, it will be obvious from fundamental properties 
of the measure that a necessary condition for the possibility of transforming 
f(x) in the described way into a function f(x) which is equimeasurable with g(x) 
is, that the measure of the set 


S(z) 


The main result of this note has been extended to the case of an arbitrary infinite 
graph. It is hoped that this case will be dealt with in a later paper. 
3 Numbers in heavy type refer to the bibliography at the end. 
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is not less than the measure of 

9(2). 

Here & is any section of [. It will be proved that these conditions are also 
sufficient, provided the given functions f(x), g(x) are such that sets f(x) belonging 
to different points x have no element in common, and a similar condition holds 
for g. The case of arbitrary functions f, g will also be settled. It will be re- 
duced to the special case just described, by familiar methods belonging to 
Boolean Algebra which have already been used in 1, p. 79 section 2. 

1.4 Theorem 5 below contains as special case the main result of 1 (Theorem 

I, p. 66). A simple instance where Theorem 4 may be employed is the proof 
of Muirhead’s theorem on inequalities between symmetrical polynomials (2, 
p. 44 ff., in particular p. 46, (2). Also p. 63). Here the graph is 


and the functional values f(a,) are non-negative numbers. 

In a concluding section it is shown that the axioms imposed upon the measure 
are, in fact, necessary for the validity of our theorems. Furthermore, it is 
proved that, in the case of any graph and real numbers as functional values of 
f and g, the conditions (1) are, apart from certain trivial exceptions, independent 
from each other. 


2. Definitions 


2.1 Let T be a finite orientated graph, i.e. a finite, non-empty set of objects 
called points, here always denoted by the letters a, b, c, x, y (and a’ ete.), together 
with a relation “—” valid between certain ordered pairs of distinct points. 
a — b defines an “edge” of '. The truth of a > b does not exclude the truth 
of b — a, nor does necessarily every point x occur in some relation a — x or 
x—b. Indeed, I may consist of points only, without any edges joining them. 
As already mentioned, x — x does not hold for any z. 

Gothic capitals 2, 8, €, G denote sets of points of T. In particular G is the 
set of all points, 


G = {x}. 


Unless the contrary is stated, the letter % (and 2’ etc.) is used exclusively to 
denote sets which possess a certain characteristic property and which we call 
sections of T. A section is, by definition, a set 2 which is such that whenever 


a—b < Y 
then a < 
For instance © is a section, and so is the empty set 0. 


4 Other terms found in the literature are: node, knot, vertex for point, and branch for 
edge. 
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2.2 Let S be an abstract aggregate, fixed throughout. The letters A, B, C 
denote subsets of S. A measure | A | is defined in S, in the sense of 1, 62. 
This means that certain subsets of S are termed measurable sets. From 
now onwards A, B, C always denote measurable sets. We suppose that for 
every A, B the sets A + B; AB; A — AB are measurable. The system of all 
measurable sets is divided into non-overlapping classes, and the class to which 
A belongs is denoted by | A | and is called “the measure of A.” The system 
of all measures | A | is ordered by means of a transitive relation ““<.”’ Given 
any A, B exactly one of the three relations 


[Al> [BI 


holds. | A| < | B| denotes the logical sum of the first two of these relations. 
The measure is supposed to have the following properties. 

Property (M): it is monotonic, i.e. A C B implies | A | S | B |. 

Property (A): it is additive, i.e. 


|Ai| = | Bil; | Ao | = | Be]; = B,B, = 0° 

imply | A, + = | Bi + 
Property (D): it is distributive, i.e. 

BiB, =0 
imply the existence of sets A; , Ag satisfying 

Ai + A: C A; = 0; 

| Ai| = | Bf; | Az | = | Be |. 
In particular it follows from (D) (put B, = 0) that 


|A| 2 
implies the existence of A; C A such that 
| Ai| = | Bi]. 


For convenience of reference let us call this property of the measure Property 
(C) (the measure is continuous). 

In fact, (D) is not used explicitly in this paper, everywhere the special case 
(C) is sufficient. The only occasion where (D) is needed is the proof of Lemma 
1, and this proof is not given here since Lemma 1 is taken from 1. (D) is, 
however, necessary for Theorem 2 to be true as will be shown in 8.1. 

The set A is said to be of finite measure (notation: |A| < «) if A’C A; 
|A’| = |A| imply |A — A’| = 0. 

Instances where this theory of measure applies are: 

(i) S is any abstract aggregate, measurable for all subsets of S, and we write 
|A| < | B| if, and only if, the power of A, as defined in the theory of aggre- 


5 By 0 we denote, without risking any confusion, the number zero as well as the empty 
set and the measure of the empty set. 
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gates, is less than the power of B. Here sets of finite measure in our sense are 
all finite subsets of S. 

(ii) S is a euclidean space, its measurable subsets are all Lebesgue-measurable 
sets in S, and | A | < | B| signifies that the Lebesgue measure of A is less than 
that of B. Here sets of finite measure in our sense are those of finite Lebesgue 
measure. 

(iii) A more sophisticated example: S is the set of all real numbers, its measur- 
able subsets are all sets A of the form 


A = 


where [a, 8) is the set of all ¢ satisfying a < ¢t < 8, ie. all sets consisting of a 
finite number of intervals which are closed on the left and open on the right. 
Define a number r(A) as follows. If A contains no integer then let h(A) be the 


(necessarily finite) number of numbers in A which are of the form k + : where 
k and l are integers, / > 1. Then put 
h(A) + 1° 
If A contains exactly m(> 0) integers then put 
r(A) = m. 


Define a measure by writing | A| < | B| if, and only if r(A) < r(B). It is 
easily verified that (17), (A), (D) hold. Sets of finite measure are those which 
contain no integers. If for instance 


A=(0,4); B= (43,5); C= [5, 6) 


r(A) = 


then 
=|A+B+C]; AB = AC = BC = 0. 
2.3 Let f(x), g(x) be functions which are defined for every point x, and whose 
functional values are measurable subsets of S. Throughout this note g will be 
kept fixed. It is supposed to satisfy 
(2) |g(x)| < for all x. 


qg is called decreasing ifa—b implies | g(a) | = | g(b) |. f(x) is quite arbitrary. 
It will be subjected to certain transformations 7’. Choose any edge a — b and 
any set A C f(x). Then 74 denotes a transformation which transforms f(z) 


into 
(3) Tes = fy 
defined by: 


fia) =f@—-A; fie) =f@) for «a,b. 
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If, in addition, | fi(a)| = | g(a)| then (3) is called a 7’-transformation. If 
|fi(b) | < |f(a)| we call (3) a T’-transformation. A function f is called a 
T-transform of f if f can be obtained from f by applying a finite number of 
suitable transformations 7°'*. Analogous meanings are attached to the 
terms T”-transform, T’’-transform. 

Finally, we introduce the abbreviation 


(f, %) f(a). 


3. Statement of the theorems 
3.1 Common hypotheses for theorems 1-4 are (2) and 
(4) = g@)g¥y) = 0 forx # y. 
THEOREM 1. Given f(x) and g(x) necessary and sufficient for f to have a 
‘transform f satisfying 
(5) | f(x) | = |g) | for all x, 
is that 
(6) IG, 21G, % | for all 
THEOREM 2. Given f(x) and g(x), necessary and sufficient for f to have a T’- 
transform f satisfying 
(7) f(z) | = | g@) | for all x, 
is that, in addition to (6), 
(8) 1G, = | @, |. 


THEOREM 3. Given f(x) and g(x), and supposing that g(x) is decreasing, neces- 
sary and sufficient for f to have a T”’-transform f satisfying (5) is that (6) should 
be true. 

THEOREM 4. (Given f(x) and g(x), and supposing that g(x) ts decreasing, neces- 
sary and sufficient for f to have a T’'-transform f satisfying (7) is that (6) and (8) 
should be true. 

3.2 Before passing to the general case in which (4) is not necessarily satisfied 
we want to introduce some more notations. A relation 


a—— b 
means, by definition, that there are points x, 21, +++ , 2, such that 
a= an = 
Here n = 0. In particular, a ~— a holds for every a, and 


implies a 


6 Empty sums have the value 0. 
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Let [%]’ denote the smallest section of I which contains &, ice. 


[B] = = D> fr}. 


—y<B 


We have, for instance, 
for every %’. 
If 8 ¥ 0 we denote by F(%) the set consisting of those elements of S which 
belong to every set f(x) when x < %, and to none of the remaining sets f(z), ie. 


y not in 


Put F(0) = 0. Similarly F(%), G(%) ete. are defined in terms of f(x), g(x) ete. 
Obviously* 


Every set which is obtained from the sets f(z) by the processes of addition, 
subtraction and multiplication, is a sum of certain sets F(%). This, in con- 
junction with property (A), clearly shows that f(x) and g(x) are equimeasurable 
(see 1.2) af, and only if, 


(11) F(B) | = | | for every 
Let ¥(x) be a notation for any function which associates with every point x 

a point ¥(x) in such a way that 
for all x. 


a(x) is a notation for those among the ¥(x) which satisfy, in addition, 


~ 


whenever 2; , %2 are distinct elements of 8%, e.g. Ye(x) = x is such a function. 
If, in particular, 8 = 0 or B consists of one single element then every function 
¥(x) is at the same time a function Ya(x). 

Now put, for 8 ¥ 0, 


(12) F*(®) = IT IL 
ynot in ® 
and F*(0) = 0. 


F*, G* ete. are defined in terms of f, g etc. as F* was defined in terms of f. 
In theorems 5 and 6 f(x) and g(x) are arbitrary functions, not necessarily 
satisfying (4). But (2) is true throughout. 


7 Square brackets will only be used in this special sense. 
8y X Bis the negation of y < B, empty products have the value S. 
® A formal proof is given in Footnote 7. 
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THEOREM 5. Given f(x) and g(x), necessary and sufficient for f to have a T- 
transform f satisfying 


(13) | F(B) | = | G(B) | for all B 
is that 
(14) F*(B)| 2 


for every k > O and every selection of k sets B, . 
THEOREM 6. (Given f(x) and g(x), necessary and sufficient for f to have a T- 
transform f which is equimeasurable to g, i.e. which satisfies 


(15) | F(B) | = | GB) | for all B 


is that (8) and (14) should be true. 

Evidently (15) and (7) are equivalent statements if (4) holds. 

3.3 Let us consider some special cases of theorems 5 and 6. The necessary 
verifications are easily made and are left to the reader. 
(i) G = {1, 2,---,n,n+ 1}. The edges of I are 


(lSvsn). 
If Bc {1,2,---,n} then 
F*(S) = F(%), 


Now suppose that, in particular, 
= 2 ge), 


while 


fQ), ,S(n), g(1), g(n) 


are 2n arbitrary sets the g(v) (1 < v S n), however, of finite measure’, Then 
the only effect of a transformation 7 upon the function f(x) is the removal of 
some set A from one of the sets f(v) (1 S v S n), and vice versa, every such 
removal is effected by a transformation 7. Furthermore, for every 
$C {1,---, nm}, we have 


F*(B) = 0, 
+ (n+ = IL (if B # 0), 


F*({n + 1}) = fm + 1), 


10 By Lemma 1 below, g(1) + --: + g(n) is of finite measure. 
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and analogous equations with g instead of f. Hence Theorem 6 reduces to the 
main result of 1 eee I) which = 

Given 2n sets Ay, An By Bn, of which the B, are of finite measure, 
at ts possible to select alivats A, C A, in such a way that the system A, , ---  * 
is equimeasurable to the system B, , --- , B, , provided the following (necessary and 
sufficient) condition holds: For every set ‘4 obtained from the A, by any applications 
of the processes of addition and multiplication, and for the set B obtained by applying 
the same to the corresponding sets B, , we have | A| = 
(ii) © = {1, 2,---, mn}. The edges of T are 


1-2-3 -----n2— 1. 
Ifk >0;1 Sy < < +++ < Sn then 
F*({n, +++, veh) = f(\k). 


< 


Hence the result: Given sets Ai, , An, Bi, , Br (| B,| < ©) it is possi- 
ble, by removing suitable subsets from some A,’s and adding them to the corresponding 
set Aysi (Angi = A1) to change Ai,---,A, into a system equimeasurable to 
B,,--:, B, provided the following (necessary and sufficient) conditions hold: 


+ Anal =|Bit--- + Bl 
(16) + Ai -+A,1A,| 2 |BiBo+--+ + | 


The kth relation (16) involves all > products of k sets A, and B, respectively. 
k 


In fact, (16) is the solubility-condition for any graph with n points which 
satisfies « —— y for every 2, y. 
(iii) T is arbitrary, f and g satisfy (4). Then 


F({a}) = f(a), 
F*({a}) = = (f, [{a}]), 
F(%) = F*(%) = 0 


if 8 contains more than one element, (14) becomes 


where k > 0 and the a, are arbitrary. By (9) this is the same as 
IG, 01 | 


where 
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is any arbitrary section. Hence Theorem 5 reduces to Theorem 1 if we weaken 
the latter’s assertion by writing T for 7”. 


4. Preliminary remarks on theorems 1-4 
4.1 Property (A) of the measure shows that, whenever 
|A,| = |B, | (1 S$ » 3), 
A,A, = B,B, = 0 (lSu<vS3) 
we have 
| Ai + =| Bi+ Bel, 
| Ar + As + Az| =| (Ar + Az) + As | = | (Bi + Be) + Bs | = | Bi + Be + Bs |. 


Similarly for sums of more than three terms. 
All facts on sets of finite measure which we shall have to use are contained in 
Lemma l. (i) Jf|A| S$ |B|< then|A|< 
If|A| < ©;|B| < thn|A+B|< 
(i) is Lemma 5, (ii) is Lemma 7 of 1. 
4.2 Lemma 2. Ifn 2 2, 


(17) |A,| = |B, | (l<»<n), 

| A,A, = B,B, = 0 (lSu<vn) 
then 
(18) S|Bit--- + 
If | A, | < © for all v, and if there is equality in (18) then there is equality in (17) 
for every v. 

Proor. By (17) and (C) there are sets B,C B, such that 

|A,| = |B, | <n). 

Then, by (A), in the form 4.1, and (1), 
(19) < |B +> 


and therefore (18). If |A,| < © for all v, and if there is equality in (18) then, 
by (19) and Lemma 1, 


LB, 
1 


> = B+ 4) <=, 
1 
| Bi — = 0, 
| Ai] = | Bi| =| Br +0| =|Bi+ (Bi Bi) | (by (A)) 


= 


sure, 
’ A, 
and 
tons 
ying 
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Therefore 
|A,| = | B,| (1 <v <n), 


and the lemma is proved. 
4.3 If a — b, and if % is any section the 


either a,b < 
or a< bx W 
or a,b 


For the remaining possibility 
ax Y; b < 
is excluded by the definition of sections. Now let 


hi 
Then it follows that 
Ff, otherwise. 
Hence every 7-transform f of f satisfies 


If, in addition, (5) holds then, by (7) and Lemma 2, 
0]. 


Therefore (6) is a necessary condition in theorems 1—4. 
Clearly, the same function f satisfies 


f, 0) = (f, 2%). 


If, moreover, (7) is satisfied then 


(20) IGMI=IGWMl=1@, 01, 


ie. (8). We have thus shown that (6) and (8) are necessary conditions in 
theorems 2 and 4. 

4.4 Theorems 2 and 4 are easily deduced from theorems | and 3 respectively. 
For suppose that (6) and (8) are satisfied, and that, (in the case of Theorem 
4) g(x) is decreasing. Then by Theorem 1 (or Theorem 3) there is a 7’-trans- 
form (or a 7’’-transform) f of f for which (5) holds. Then, once more, (20) 
follows, and (7) is a consequence of Lemma 2. Here we must observe that it 
follows from (2), (20) and Lemma 1 that | f(x) | < ~. 

To sum up, all we have to show in order to complete the proofs of theorems 
1-4 is that (6) is sufficient for the existence of a 7’-transform and, in case g is 
decreasing, of a 7’’-transform f satisfying (5). 
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5. Proof of theorems 1 and 2 
5.1 Throughout this section (2) and (4) are supposed to hold. We introduce 
some further definitions and notations. A relation 
(21) a=b 
is, by definition, equivalent to 
a——b—-— a, 


and a # b is the negation of (21). An edge a — b is called singular if a = b, 
and regular if a A b. Singular edges are those which occur in closed cycles 


Let p(T) denote the number of regular edges of T. (21) defines an equivalence 
relation and hence a subdivision of 9% into mutually exclusive classes. The class 
to which any point x, belongs is denoted by 


= {x}. 


Finally, put 
, = 1, 


Wf, Lo; r) = 1, 


If(2) 1S (0) 


s(f,T) = p(x, T)q(f, x, 


p counts the number of “ancestors” of x, while g describes the position of | f(x.) | 


relative to all measures | f(x) | . 
5.2 LemMa3. Jfm21;|Ai| 


(22) |A, +A] > |B, (1 Su <m) 
then there is A’ C A and wo (1 S wo S m) such that 

2 | B, | (1 ses m) 

| B, | (u Mo). 

This is Lemma 2 of 1. Its assertion remains, of course, valid if in (22) we 


allow instead of “>.” 
Lemma 4. Let 


a, — b,, 
&,. 
Suppose 1’ is the graph which is obtained from T by removing the edge a, — b, , 


(i) = Wf; 
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(ii) « — y is true in YT’ if, and only if, x — y is true in T and (x, y) ¥ (a, b,). 
Let 2’ be a section of T’ (but not necessarily a section of T). Then A, + AX’ and 
are sections of 

Proor. In the following proof the symbol “—” is only used to denote edges 
of T. The characteristic property of 2%’ is: Whenever 


a—b < (a, b) ¥ (a,, ba) 
then 
a < 


1) If A + A’ would not be a section of I then there would exist points a, } 
such that 


A+ ax A+ 
Then we would conclude that 
b<X &,; b< axa; a < 


_ which is a contradiction. 
2) If 1.2%’ would not be a section of I then there would exist points a, b such 
that 


AN; a xX AA’. 
Then we would conclude that 
b < a < ax b#~b; b 


which is a contradiction. 
5.38 Lemma 5. Notations and hypotheses as in Lemma 4. In addition we 
suppose that (6) holds and that 


|G, | = |. 


Then | 
(23) IG M1 21G, 
for all sections YX’ of TY’. 

PRooF. 

= + + MW’) — AQ), 

(24) (f, = WU’) + (Ao + M’) — 
By Lemma 4 and (6), 
(25) |G, WM’) | = |G, AN’) | , 
(26) 1G, + WM’) | 1G, + M’)|. 
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If we assume that 
(27) 1G, + — Mo) | < |G, (Mo + — A.) | 
we obtain a contradiction. For then, by (2) and Lemma 1, 

+ 2") — %)| < 

1G, | = | %)| < 
and hence, by Lemma 2, 
(f, %o + | = |G, (Mo + — Mo) + Cf, Ao) | 

+ — + G, Mo) | = |G, Ao + A’) | 

which contradicts (26). Hence (27) is not true, i.e. 
(28) |G, (Uo + 2’) — Me) | = | |, + — A.) | . 


(23) follows from (24), (25), (28) and Lemma 2. 


5.4 Lemma 6. Let = 


(29) |G, &)| 2 |G, &)|. 
Then there exists a T’-transform f of f satisfying 
| 2 |9@) | (x < &.), 
F(x) = fz) (x X R). 


Proor. Define an operator QO; as follows. O, is applicable to every func- 
tion f(z) which satisfies (29) and, in addition, 


(30) | f(a) | < | g@) | 


for at least one x; < &,. We may assume that 0; is applicable to the given 
function f. Choose one point x, < 8, which satisfies (30). Then there is 
< such that 


| f(w2) | > | g(a) |. 
For if we assume that 
S|g@)| forevery x 


then Lemma 2, in connection with (30), would lead to a contradiction against 
(29). It now follows from the definition of &, that there exists a chain of edges 


1! We shall often have to define operations which necessitate a uniformly bounded num- 
ber of selections of elements from sets whose elements are points or edges of sections. We 
make these operations definite by numbering, once for all, the points, edges and sections of 
lr and choosing every time the first one. Selections made in virtue of (D) cannot in general 
be made definite. 
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Then n > 0. By definition of &, we have x; ~— 2 and therefore 
a, < (0S Sn), 
There is a largest index », satisfying 
05% <n; > |g@.,)|, 

and then a smallest index » satisfying 

| f(a,)| | |. 
Then 

2 ») 
n) 
< | | (v = »). 
(i) If » + 1 < » then there exists, by (C), a set A, C f(a,,) such that 
| f(a.) — Ao| = | g(@,,) | . 
Then 
Te = f,, 

is a T’-transform of f, 

| fila.) | = | g(a.) |, 

| | = | + Ao] 2 | +41) | 
In the last relation equality is impossible. For if 
| F(ar,41) + Ao| = | f(@,41) | = | 9(@,41) | < 
then, in view of 
Aof(a,,41) f(@)f(@,41) = 9, 

we would conclude that | A, | = 0 and therefore 


| g(a.) | = |f(@,) — Aol] = |f(@,,) | 


which is a contradiction. Hence 
>|9@)| =» +1) 
 @Mtl<v<n) 
< | g(a) | (v = n). 

(ii) If » + 2 < » then we treat fi, ». + 1 in the same way as f, », were 
treated in (i), ete. After 1 — », — 1 such 7’-transformations (no transforma- 
tion at all if y, + 1 = ») we arrive at a 7’-transform f’ of f which satisfies 

| f’(a,-1) | > | | 
If’(an) | < |9@,) |, 
| f’(x) | wad | f(x) | for x Gy, » Ay,-1, 


Also, 
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Also, 
-|f'G,,) | | | ifve+1 
There is a set A’ C f’(a,,-1) satisfying 
— A’| = |g(@,-) |. 
Then 


is a 7’-transformation. We put, by definition, 


Os =" 
Then 
| f(a) | = | g(a) | (» Sv <n), 
f"(@) = f(x) (t a,, a,,). 


In particular, there are more points x satisfying 
| = | g@) | 
than points x satisfying 
| | = | g@) |. 
For every x of the second kind is also of the first kind, and 
= | > | |- 


Therefore 0; can only be applied to f a bounded number of times in succession, 
and the result of the last possible application is a 7’-transform f of f which 
has the required properties. 

5.5 Lemma 7. Let 8, = R(x,). Suppose that 


(31) F@) | = | (x < 
Then there is a T’-transform FT of f satisfying 

| f(z) | = | (x < Ro — {Xo}), 

F(x) = f(z) (x X &.). 


Proor. Define an operator O2 as follows. QO» is applicable to every f which 
satisfies (31) and, in addition, 


| | > | g(a) | 


for at least one point 2, < &, — {x}. We may assume that O2 is applicable 
to the given function f. Choose one of the above-mentioned points x,. Then 
there is a chain 
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where n > Oandalla,arein®,. There isaset A, C f(a,) such that 
| — Ao| = | g(a) |. 
Then 
| f(a) + Ao| > | g(a) |. 
For otherwise we would have 
| g(a) | | f(a) | S | f(a) + S| g(a) | < &, 
| = 0, 
| g(a) | = | f(ao) — Ao| = | f(a) | 
which, in fact, is not true. Put 
— 
This is a 7’-transformation. ff, satisfies 
| fu(ao) | = | g(ao) |; 
| fi(ar) | = | f(a) + Av| > | g(a) |, 
fil) = f(z) (x a, a). 


Now treat fi , a; in the Same way as f, a, were treated, etc. until, after n such 
’-transformations, we obtain a function f, satisfying 


= | g(x) | (t = 1, Gn) 
=a), 
= f(x) (x do, Qn). 
Put 
= fn- 

The number of points x for which 

| | = | g(x) | 
is greater than or equal to the number for which 

| f(z) | = |g@) |. 


For every x of the second kind is also of the first kind, and 


| fn(do) | = | | ; | f(ao) | > | g(a) |. 


Clearly then, in order that the number of points of the second kind be equal 
to the number of the first kind, it is necessary that | f(a,) | = | g(an) | , and this 
can be true only prior to the first application of O2 . 

Hence 02 can only be applied to f a bounded number of times, and after the 
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last possible application a function f is obtained which has the required proper- 
ties. 

5.6 We now come to the proof of Theorem 1. We assume that (2), (4) and 
(6) hold, and we have to show the existence of a 7’-transform f of f which satis- 
fies (5). 

Case 1. Suppose that p(T!) = 0. Then we define an operator O; as follows. 
Q; is applicable to every f which satisfies (6) and, moreover, 


| | < | go) | 


for at least one point x. We may assume that O; is applicable to the given 
function f. Choose one such point x,. The set 


Ro = 
isa section of For ifx—y < then, in view of p(T) = 0, we have 
2<@,. 


(6) implies (29). Hence there exists, by Lemma 6, a T’-transform f’ of f which 
satisfies 


(= | g(x) | (x < 
| f’(x) | 
= | f(x) | (x X 
Put 
= f'. 
Since the number of points x satisfying 
| 2 | g@) | 
exceeds the number of points x satisfying 
| f(@) | 2 |g@) | 


it follows that O; can only be applied a bounded number of times to the given 
function f, and after the last possible application we obtain a function f which 
satisfies (5). 

Case 2. Suppose that p(T!) > 0. We use induction with respect to p(T). 
Choose a regular edge a — b for which p(a) reaches its smallest possible value 
inT. Then 


Ro = K(a) 
isa section. For if there would be any points 2, y satisfying 
roy < KX; Ro 
then 
p(x) < ply) = 
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which is impossible. Once more, because of (6), (29) is true, and therefore 
there exists a 7’-transform f’ of f satisfying 


| = | g@) | (x < 
(32) = (x X 
Now Lemma 7 shows the existence of a 7’-transform f” of f’ which satisfies 
(33) lf’"(@) | = | g@) | (x < R. — {a}), 
(34) = f'@) (x 
Then 
(35) |f’(a) | 2 | g@) |. 
For let us suppose that 
(36) | < |g@)| < @. 
Then Lemma 2, applied to (33), (386), would lead to 
(37) | Ro) | < | GY, Ro) | 


while, on the other hand, by (32) and (34), 
| Ro) | ig Ro) | = (f, 24 Ro) | = | (f, Ro) | . 


This, together with (29), contradicts (37). Therefore (35). Any section 
which contains at least one point of %, contains the whole set R,. For if 


< ARN, ; y < 
then 


Therefore, for every Y, 


(37a) IG’ M1 =1G M1 21G, 
By (35) and (C), we can choose a set A C f’’(a) such that 
(8) — Al = |. 
Denote by 


all sections which have the property that 
a < bx 
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&, is one of the sections %,. For if b were in ®, then we would have a = b 
which contradicts the fact that a> bisa regular edge. Let 
% = 
Put 
(sum). 
Then, by (33) and (38), 
|A1= A] =| (f", 8. — {a}) + — A)| = |G, 8. — fa}) + | 
= 8.) | = | Bil. 
Also, from (37a), 
(1 Su Sm). 


Hence, by Lemma 3, with A, — A instead of A, , there exists a set A’ C A and 
an index wo(1 S uw S m) such that 


39 Sus 
(40) (= | By | = wo). 
Then 


is a T’-transformation. For 
|f"(a) — (A — A’) | 2 |f"(@) — A| = |g@) |. 


Also, by (39), 
| = 1G, | (lsum). 
If 9 is a section which does not occur among the sections %, then 
either a,b < A 
or a,b 
In both cases 


Hence for every section 2% 
M121, 
In particular, by (40), 
19", | = | Ay, — (A — A’) | = 1B = 1G 


ore 

}), 
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Therefore Lemma 5 is applicable, with 
&,; = Qa; bo = b. 
Using the notation of Lemma 5 we conclude that 


1G", W) | 1g, | 
for every section YU’ of I’. Now 
A(T’) = — 1. 
For if x > y is a singular edge of T then there exists a closed cycle of edges of I: 


It follows that every edge x,1 — 2,(1 S v S n) is a singular edge of TI, and as 
a — bisa regular edge of T we have 


(%1, # (a, b) 


Hence, by definition of I’, the relations (41) hold in T’ as well as in T, and con- 
sequently x — y is a singular edge of I’. 

If, on the other hand, x — y is a singular edge of I’ then some cycle of the 
form (41) exists in I’ and hence, a fortiori, in T. In other words, I and I’ have 
the same system of singular edges. Therefore, remembering that a — b is true 
in T but not true in I’, ae find p(T’) = p(T) — 1. 

Now, according to our induction hypothesis, there is a T’-transform f of f’” 
which satisfies’ (5). f is a 7’-transform with respect to I’ and therefore, a 
fortiori, with respect to T. This completes the proof of Theorem 1 and, as we 
have seen, also of Theorem 2. 


6. Proof of theorems 3 and 4 


6.1 In this section we suppose that (2) and (4) hold. 
Lemma 8. Let a’ = 2”. Then there are T’’-transforms f, f®, of f which 


satisfy | f(x") | f@’)| |, 


where, for each r, ¢°” (x) effects a permutation of the points x of R(x’). 
Proor. 1) Since x’’ > — 2’ there is a chain 


where n = 0. Then 
Let m be the smallest index which satisfies 
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If m = 0 then | f(x’) | S | f(z’) |, and hence we may put f(x) = f(z). 


suppose that m > 0. Then 
f(a) | > | | 2 |flam)| (Sv 
By (C) there is a set Am1 C f(Xm_1) such that 
| f(@ma) — = |f(@m)|; 


| f(tm) + | | (f(%m—-1) Am-1) + |. 


Therefore 
is a 7’’-transformation, and 


| fu(@m—1) | | f(am) | | f(x’) |. 


249 


Yow 


Now treat %m_1 , fi in the same way as 2, , f, etc., until, after m such 7’’-trans- 


formations, f is transformed into a function f, which satisfies 
| f(%m) | (v = 0) 
| | (0<» Sm), 


Hence we may put 


| | = 


f° (@) = fn(2). 
2) Since x’ — — x” there is a chain 
where k = 0. Let 1 be the largest index satisfying 
If! = k then 
| 2 | fe’) |, 
and we may put f(x) = f(x). Now suppose that! <k. Then 
lfm) |< U<r sh). 
Hence there is a set B; C f(y:) such that 
f(y) — Bil = |, 
+ Bil = |, 
and 
is a 7’’-transformation, 


| = | 2 |. 


| 
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Now treat yi41, f1 in the same way as yz, f, etc., until, after k — J such 7". 
transformations, f is transformed into a function f;_) satisfying 

| ls» <k) 

| (v = k), 

file) =f@) @Am, 


| 


Thus we may put 
f° = file). 
6.2 Lemma 9. Suppose that g(x) is decreasing, R, = R (Xo), 
(42) | (f, Ro) | = | Gg, Ko) |. 
Then there exists a T’’-transform f of f satisfying 
F(x) = f(x) (x K 
Proor. Ifa < &, then x — — 2, — — 2 and hence 
| g(x) | 2 | g(x.) | 2 | gz) |, 
(43) | = |g@)| < &). 
a an operator O, as follows. 0, is applicable to every f which satisfies (42) 
(44) | < | g@’) | 


for at least one x’ < &,. We may assume that O, is applicable to the given 
function f. Choose one such x’. Then there exists x’ < ®, — {x’} such that 


(45) | f(x”) | > | g(a) |. 
For if 
(46) | f(x) | S | g@) | (x < & — {2’}) . 


were true then, by Lemma 2 and (43), (44), (46) we obtain a contradiction 
against (42). Choose a point x” < &, — {x’} which satisfies (45). Then 
there is a chain 


where n > O and alla, belong to®,. Let », be the largest index for which 
OSn%<n; |f(a,,)| > |g) |. 
Let v; be the smallest index for which 
sn; | f(a,)| | |. 
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Then 
In case we should have », + 1 < » choose a set A, C f(a,,) satisfying 
| f(a.) — Ao| = | g(a) |. 
Then, by (A), 
| f(@,41) + Ao| = | f(@,,) |. 
Hence 
is a T’’-transformation. We have 
| g(ao) | (v = 
soa +1) 
fit) =f@) 


In case »» + 2 < », apply to fi, » + 1 the same process as to f, » , ete., until, 
after r = », — » + 1 such transformations, we obtain a 7’’-transform f, of f 
which satisfies 


| (@=n-1) 
(| | (» S»<-—1), 

We put f. = f, and then the result holds also forr = 0. Let 


| f-(a»)| = 


a,,-1 = Q; a,, = b; je =f". 
Then 
< a—b; 
If’(@)| >| | < | |. 
By (C) there is a set A C f’(a) such that 
| f*(a) — A| = | |. 
Case 1. Suppose that | f’(b) + A| < |f’(a)|. Then 
— 


is a 7’’-transformation, and | f’’(a)| = | g(x.) |. In this case put, by definition, 


Of = 


en 
at 
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Case 2. Suppose that | f’(b) + A| > |f’(a) |. Then 
| < | | < < + Al. 
Hence an application of Lemma 3, with 
m=1; <Ai=f'(b); Bi = g(x) 
shows the existence of a set A’ C A satisfying 
| + A’| = | g(a) |. 
Then 
+ A’| < |, 
and therefore 
Y 
is a 7”’-transformation. We have 
| | = | g(we) |. 
Again define O,f by putting 
Ouf =f". 
In either case the number of points x for which 
| = | g(a) | 


exceeds the number of points x for which 


| f(x) | = | g(x) |. 


Therefore O, can only be applied to f a bounded number of times, and after the 
last possible application we obtain a function f of the required type. 

6.3 We now prove Theorem 3. Suppose that g is decreasing and that f satis- 
fies (6), in addition to (2) and (4). We have to show the existence of a T’”’- 
transform f of f for which (5) is true. 

CasE 1. Suppose that 


| 


(47) 
whenever 


(47) is, for instance, satisfied if p(T) = O. 
We define an operator O; as follows. O; is applicable to every f satisfying 
(6) and (47) which is, moreover, such that 


(48) | | < | | 


for at 
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for at least one point x. We may assume that O; is applicable to the given 
function f. Choose one such z,. Then 

Ro = K(X) 
isa section. For otherwise there would exist points 2; , x2 such that 


Then 
= [{x.}] — Ko 
isa non-empty section. For, first of all, 2; < ®,. Also, if 
< 
then 
(49) HAY, 


But x = 2, is impossible. For this would imply 


which would already contradict (49). Hence 
(50) 


ie., x < A. Therefore %, is a section. 
Every point x of , satisfies (50). Therefore, by (47), (48) and the fact that 


g is decreasing, 
| f(z) | S | | < | | S | | (x < %,). 
Now Lemma 2 shows that 
| (f, | < | @, | 


which contradicts (6). This contradiction was deduced from the assumption 
that , was no section. Therefore &, is, in fact, a section and, in consequence, 


satisfies (42). 
By Lemma 9 we can find a 7”’-transform f’ of f which is such that 


If @<8&) 
f’(x) = f(z) (x R.). 
Define O; by putting 
Of =f’. 
There are more points x for which 
| 2 | g@) | 
than points x for which 
| f(z) | = | |. 


— | 
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Hence O; can only be applied to f a bounded number of times, and after the last 
possible application we obtain a function f with the required properties. 
CasE 2. Suppose that there are points a, b for which 


(51) 
(52) | f(a) | > | f@) |. 


In this case the proof is based on the following principle. By means of a certain 
process the problem presented by f, T° will be reduced to an analogous problem 
f*, T*, and we shall have either 


(i)  s(f*, > s(f, 
or 
(ii) p(T*) < p(T). 


If such reduction process has been established then the given problem can be 
reduced to one falling under case one, i.e. where (47) holds. For if this were 
not so the reduction process could be applied infinitely often and would lead 


to a sequence of pairs f‘”, '”’ which is such that, for every n = 1, 2, --- , either 
(i) pint) > s(f, r”) 

or 

(ii) < p(r”). 


In particular, p("*” < p(T”) for all n. Since s(f, I) does not exceed a con- 
stant C(I) independent of f—e.g. C(I!) = N* where N is the number of points 
of T—it follows that only a finite number of consecutive integers n can satisfy 
(i). Therefore — 2% as n — which is absurd. 

In fact, in case (ii) I"*” is obtained from I” by removing one edge, and 
hence it follows that the number of possible applications of the reduction process 
is less than a constant dependent only on I. , 

In order to define the reduction process we start by noting that, according to 
(51), there exists a chain 


a= > am = Db. 
Then m > O since otherwise a = b which contradicts (51). Let 
Mi, M2, Mk 
be those indices » for which 
FG, 
and let 


Sm. 
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Then k > 0 since otherwise (51) would again be violated. Put 
= Any = Ye (l S« Sh), 
Yo = a; = b. 

Then 

FY (lS« Zk). 
Not all inequalities 
|f(yo) | S |\f(y) | S | f(y) | S S | | S | | 


are true. For this would contradict (52). Hence either there is a number x, 
satisfying 


(53) > | 
or we have 
(54) | | > | f(b) |. 


In case (53) we put 

In case (54) we put 

Then in either case 

a’ a” £b", 
[f(a’) | > |. 
Apply to f(z) Lemma 8, with 2’ = a’; 2” = a”. We obtain a Z”’-transform 
fi: of f which satisfies 
lfi(a”) | 2 |f@)|, 

(55) fiz) | = |fG°@))| for x =a’ 
(56) fiz) = f(z) for 


where ¢” (x) is a permutation of the points of 8(a’). Now apply Lemma 8 to 
fi(z), with x’ = b’; = b”. We obtain a 7T”’-transform f2 of which satisfies 


| fob”) | | fi’) |, 
|fo(z) | = |fi@P(z))| for 
= fil) for 
where ¢”(x) is a permutation of the points of &(b’). 
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Let & be any section. Ifa’ < % then R(a’) C YM and hence, by (56), 
=h,G) 
On the other hand, if a’ x A% then AK(a’) = O and, by (56), 
(57) fi = 
Thus (57) holds for every %. In the same way it follows that 
(fo, %) = (fi, M) forall 
Therefore 
(58) 
for all 2%. Furthermore, 
| fa(x) | = |f@(x))| for all x 


=a’) 
o(z) = @=d’) 
£ (x a’, b’). 
On making use of the various properties of our points and functions we see that 
(59) fo(a’”) | = | | 2 | f@’) | > | | = | AO’) | 2 |. 
Therefore, by (C), we can choose a set A C f2(a’’) such that 
| fo(a”) — A| = | |. 


where 


Then, by (A), 
| f(b") + A| = | fea”) |. 


Hence 
is a T’’-transformation. 
Case (i). * Assume that 
21, 0 | for all X, 


We have 
lfs(a”) | = | = 
Ss(x) = fo(x) (x # a”, b”). 
For the sake of simplicity we write p(2), q(f, s(f) instead of p(z, q(f, T), 


s(f, T) respectively. 
From (56), (55) and the definition of g(f, Z) it is obvious that 


ahi, =) = q(f, (@ a’). 
Also, 
p(x) = pty) forxr =y, 
ah, 2) = af, ¢°(@)) for all = a’. 
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Therefore 


= 22, + wo? o°@) = 


Similarly, using b’, ¢ instead of a’, ¢”, we see that 


8(f2) = s(fi). 
Thus 
(60) 8(fo) = s(f). 
Furthermore, 
a(fs, =) = g(fe, for # a,b”, 


< 
and, by (59), 
q(fs, a") = g(f2, b”) < a”) = g(fs, b”). 
Hence 
s(fs) — s(f2) 
= p(a’)q(fs, a’) + )a(fs, — pla’ )q(fe, — p(b’)q(fr, b”) 
= (p(b") — a”) — g(f2, b””)) > 0, 
and finally, by (60), 
s(fs, T) > s(f, 
This is case (i) of the reduction process mentioned on p. 34, with 
f=h. 
Cask (ii). Suppose there exists a section %, for which 
| Gs, < |G, %) |. 
Then 
As in the proof of Theorem 1, let 
Wi, Me, Am 
be all sections for which 
Put 
= Au; 9, = B, (lsum). 
Then 
|41—A|=|](2,%) %)|=B, 
(Sum) (by (8)). 


_| 
); 
, 
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Therefore, by Lemma 3, there is a set A’ C A and an index yw (1 < uw < m) 


such that 
|(Ay — A) + 
| By | 
Then 
is a T’’-transformation, and we have 
(>|, %,) | 
| (fe, My) | 
= | (g, Un) | 


If % is a section which does not occur among the Y, then 
and hence in any case 


(fs, = (fe , 2). 


Therefore 
1G, M1 21@, | 
| = 1G %) | 
when 
= Ay, 
Now apply Lemma 5, with 
a, = a"; b, = b”. 


Then, in the notations of Lemma 5, 
| | 2 1G, | 
for every section 2%’ of I’, and we have 
p(T’) = p(T) — 1. 
This is case (ii) of the reduction process, with 
m=" 
Theorems 3 and 4 are proved. 


1. Proof of theorems 5 and 6 


(1 Su Sm) 


(u = mM). 


(1 Su Sm) 


(u = po). 


for all %, 


7.1 We now consider the case of two arbitrary functions f(x), g(x), not neces- 
sarily satisfying (4). But (2) is required. It will be shown that the trans- 
formation problem of Theorem 5 is identical with that of Theorem 1, if the latter 
is applied to the functions F(%), G(B) (defined on p. 10) and a certain graph 
T*. The condition (14) is, in fact, identical with (6), applied to F, G, I*. 


7.2 It is obvious from the definition of F(%) that 
(61) F(S,)F(S2) = 0 


if Bi ~ 


Consic 


Put 
(62) 


Then 
F\(B) 
(63) 
The la 


and (6 
- 


To pr 
| Der 
will b 
by th 
bols i 
Sur 
We w 
We 
Hence 
of tra 
where 
for ou 
where 


LINEAR TOPOLOGY AND MEASURE 259 


To prove this formally we may assume that there is a point z, such that 2, < QB; ; 
Z * Be. Then by (10) 
F(B,)F (Bz) f(.)(S — f(xe)) = 0. 


Denote by I'* a graph whose “points” are all sets 8 C G. The edges of I'* 
will be defined later. The symbol — refers to T. Edges of I'* will be denoted 
by the symbol ++. More generally, the addition of a star * to any of our sym- 
bols indicates that this symbol refers to I'*. 

Suppose that 


a—b; AC f(a), 


We want -to investigate the relation between the functions F(%) and F,(%). 
We have, by the distributive law of multiplication, 


A= Aja) II (f@) + = AFO. 
z<@—{a} 


Hence, in view of (61), the transformation T°” is equivalent to the succession 
of transformations 


where © ranges over all sets which contain the point a. It is therefore sufficient 
for our purpose to assume that 


AC F(G) 
where € is some fixed set and 
a< &. 
Consider any set % satisfying 
a,b xX B. 

Put 
(62) II 

y<B+{a,b} 
Then 
F\(B) = B(S — (f(@) — A))(S — (f() + A)) 
(63) = B((S — f(a)) + A)(S — f(b))(S — A) = F(B)(S — A) = FO). 


The last equation follows from 
AF(%) C F(@)F(%) 
and (61). Similarly, 
+ {a}) = — A)(S — (f(b) + A)) 
= Bf(a)(S — A)(S — f(b)) = F@ + {a})(S — A) 
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F(® + {a}) —A when 8 + {a} = € 

F(B + {a}) otherwise. 

+ {b}) = + A)(S — (f(@) — A)) = Bf)(S — f(@)) + AB 

65) + {b}) + AB = + {b}) +A CB 
+ {b}) otherwise. 

+ {a, b}) = Bif(a) — A)(f(b) + A) = Bf(a)(S — A)fo) 

F(S + {a,b}) — A when $ + {a,b} = € 

+ {a,b}) otherwise. 


(64) = 


(66) = F(® + {a,b})(S — A) = 


I assert that A C B if, and only if, 
(67) B+ {b} = (C — fa}) + {d}. 


First we notice that A C B if, and only if, F(G) C B. Now it follows from 
(62) and the distributive law of multiplication that 


B = Bif(a) + (S — f(@))) FO) + (S — f(b))) 
= F(B) + F(B + {a}) + F(B + {b}) + FB + {a, 
Hence A C B is equivalent to 
(68) € = $8 + GC where GC’ = {a} or {a, b} 
Since a < G, (68) is the same as 
Bc € — {a} c B + {b} 


which, in turn, is equivalent to (67). 
If we examine the equations (63)—(66), bearing in mind that A C B is equiva- 
lent to (67), we find that they can be summarised as follows. 


F(¥1) A if = 
F\(S:) =4F(@i1) +A Bi = (C — {a}) + {0} 
F(%i) otherwise. 


Hence the appropriate definition of edges in T'*—the graph whose “points” 
are all sets $ of points of [—is 


(69) (€ — {a}) + {bd} 
where a, b, € satisfy 


a—b; a<€ 


and are otherwise arbitrary. For if these are the edges of I*, and we actually 
adopt this definition, then every T-transformation applied to f(x) and the graph 
rT has an effect upon the function F(%) which is the same as that of a succession 
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of 7-transformations applied to F(%) and the graph ['*. Vice versa, our analy- 
sis shows that every T-transformation applied to F(%) and I* is equivalent, in 
its effect upon f(x), to a T-transformation applied to f(x) and I. 

The following diagrams serve to illustrate the connection between IT and I*. 
Points of '* which are denoted by ab, abc etc. should really be called {a, 6}, 
fa, b, c}, ete. The point of I'* called 0 corresponds to the set 8 = 0. It is 
always an isolated point of I*. 


a 
a 
1) r*:; 6 c 
b c ab ac 
be 
abc 
abc 
abe 
c ab 
b 
a 
ac hab 
3) rT: bc —< > > bd 
c bd abcd 
A { A 
abe abd 
bed 
cd 
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Even very simple graphs I give rise to quite complicated and interesting graphs 
In example 3) a few edges, e.g. abcd bed have been omitted in but the 
validity of relations 8 —*+ € is not affected by these changes. Therefore the 
sections of the reproduced graph I* are the same as those of the true graph I*. 
Hence the meaning of condition (6) and thus the existence or non-existence of 
any T-transform mentioned in our theorems is not affected. 

7.3 In order to complete the proof of theorems 5 and 6, all we have to do is to 
find the sections of I'* and to verify that (14) is the same as (6) if the latter is 
applied to ['* instead of T. We have to note here that 


(f, = F(S) = (F, &*)*, 


and that therefore (8) serves for both the problem on T and that on I'*. 
The definition (69) can be expressed as follows. Let 2, be an arbitrary point 
of IT, and ¢,(2.) a point such that 


Lo — 
Put 
= x for x # 
Then, if 7% < B,, we have 
r<Bqo 


Therefore, for any %, 
B 4, {o(x)}. 
z<B 


More generally, let ¢(a) be defined for all x and denote a point of [for which 
(70) £7 for all x. 
Then every % satisfies 


BA, {o(2)}, 
r<Bo 


and in this way we obtain all relations 8 3*> GC. 

7.4 We now want to determine all sections of ['* which can be written in the 
form [{%}]*, i.e. which are “generated” by a single point S of [*. By (9) any 
arbitrary section of '* is a sum of such special sections. We are given a set 8, 
and we have to find all sets € for which 


(71) &. 


In what follows the set % is fixed. Let ¥a(x) be a function of the type defined 
on p. 11. Let € be any set satisfying 


(72) 2, We@} CECI. 
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I am going to show now that sets € which satisfy (72) for some ¥e(x), and no 
other sets, have the property (71). 

1) Assume that (72) is true for a certain function ya(x) and a set €. Then 
we define a function ¢(x) as follows. 


o(x) = x forz x © 
= y fory < %. 
Finally, if x belongs to the set 
p> {va(y)} 


then, by (72), 
x < [SB]. 
Hence, by definition of [$], 


for at least one x’ of 8. Choose one such 2’ and put 
= 2’. 


It follows from the properties of ys that the conditions imposed upon ¢ do not 
contradict each other and that ¢ satisfies (70). Furthermore, 


{¢(x)} = %. 


Therefore (71) follows. 
2) Let us now suppose that a set © satisfies (71). Then, by definition of 
—*., there exists a function ¢(x) with property (70) for which 


(73) {o(x)} = 
Hence, given any point y of %, there is at least one # of € satisfying ¢(%) = y. 
Choose one such & and put 

= 
Then 

< © = 
Clearly, 
W(y1) ~ fy ~ ye 

and, by (70), 
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when y, y1, y2 are in 8. This means that ¥(y) is one of those functions which 
may be denoted by ya(y). Also, in view of (70), (73), every x of © belongs to 
Henee (72) holds. 
7.5 Put 
A = (F, [{B}]*)*. 


From a remark made at the beginning of 7.4 it is obvious that our proof will be 
completed if we have established that, for every 8 ~ 0, A is equal to F*(%) 
as defined by (12). For then (14) will be identical with (6), the latter applied 
to F, G, T*. 

We have, in fact, 


(74) A= F@)=LUFG), 


where ©, , for every fixed ~g , ranges over all sets € which satisfy (72). Put 
{va(x)} = B,. 
z<B 
Then, for every fixed yx , 
Gy cy y not in Cy 


Gy 2<By r<Gy—By y<[8]-€y ynot in [8] 


(75) 


= (II se(e)))( IT (S — f@)))s. 
z<B y not in 


The sum in (75) has the value S in view of the distributive law. If we substitute 
in (74) we find that 


A=) (II IL —fy))) = F*). 
y8 y not in [8] 


8. Necessity and independence of the hypotheses of the theorems 


8.1 Let IT, be the graph with G, = {a, b, c} whose edges are a > b; a — . 
Assume that a measure | A | is defined in S but that none of the properties 
(M), (A), (C), (D) are known to hold. Suppose that the following version of 
Theorem 2 holds. 

Assumption a. Given any functions f(x), g(x), for x < G, , and supposing that 


= g@gy) = 0 forz #y 
Then a necessary and sufficient condition for f to have a T-transform f satisfying 


(76) | f(@) | = |9@) | for all x 


stands 
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is that 

(77) 1G, 2 | @, | for all of T. 
and 

(78) | J, G) | = | G, |. 


We are going to prove now that, under these circumstances, the measure has the 
properties (17), (A), (C), (D) and, moreover, that S contains only sets of finite 
measure. Thus all our assumptions concerning the measure are necessary for 
the truth of Theorem 2. The slight discrepancy due to the fact that here both, 
f(z) and g(x), are of finite measure while in Theorem 2 only | g(x) | < =, can 
be removed. 

The non-empty sections of I, are 


{a}, {a, b}, {a, c}, {a, b, c}. 
For simplicity a symbol 
B, 
( A 


stands for the definition of a function f(x), namely for 
J@=A; 
1) Let ACB. Put 


A 
Then T°""-4f = g. Therefore, by a, 


IB) = 
Hence property (/) holds. 


2) Let | 
[Ai] =|Bil; Arde = BiB, = 0. 

Put 

Ai, As Be 

0 r= ( 0 ): 

Then 

= |g@| for all x. 
Hence, by a, 


| Ar + As| = | (f, G) | = | G, G) | = | Bi + Bel. 


to 

| 
3) 

d 

| 

. 
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Therefore (A) holds. 
3) Let 


[AJ2=|Bl; B,—AB,=B,. 


0 (Ai, 0 
Then (77) and (78) are satisfied. Hence, by a, there exist sets C, D satisfying 
CD=0; C+DCA 


which are such that (76) holds when 
B.+C, D 


|A — (C+ D)| = |f@| = |9@| =| BI. 


This establishes (C). 
4) Let 


Put 


Then 


=>|Bi+ Bel; B,B. = 0. 


By (C) there is A’ C A such that | A’ | = | Bi + Be|. 
Put 


Then, using (1), we deduce (77), (78). Hence, by a, there exist sets Aj, Ay 
satisfying 


= 0; Ai + A, A’ 
which are such that (76) holds for 


Then 
|Ai| = |f©)| = = |Bil; | Ae] = | BI. 
Therefore (D) holds. 
5) Let 


A'CA; |A’| =|A]. 


Put 


Then ( 


which | 


Theref 
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A-A’, 0 0, 
Then (77) and (78) hold. There are sets B, C with 
BC = 0; B+CcA’, 
which are such that (76) is true for 


Put 


Therefore, by (MV), 
|A — A’| S| (A — A’) + BI = | | = |g) | = 0. 
This result shows that all sets are of finite measure. 

8.2 Let I be an arbitrary finite graph. We shall now investigate the inde- 
pendence of the inequalities (6) in the case when the values of f(x), g(x) are real 
non-negative numbers. Strictly speaking, we take as S the set of all real num- 
bers, call measureable all subsets A of S which consist of a finite number of 
intervals a, S t < 8, (where a, < B,), and we write | A | < | A’ | if, and only if, 


(6, — a,) < (B, — a,). 


It is obvious that in the case of non-overlapping sets f(a) and g(x) all operations 
with the sets correspond to analogous operations with their measures, and vice 
versa. Hence we may, for the rest of this paper, consider f(x), g(x) as functions 
defined for all points x of T and having as functional values real, non-negative 
numbers. Put 
S(x) — g(x) = h(a). 
Then (6) corresponds to 
(79) (h, A) = 0 for all %. 


We want to study the interdependencies between the various inequalities (79). 
Let 

be all sections of T, 
(80) {x{”, a”, (1 aea m) 
where, for every yu, the points 

are different from each other. The sections % are also supposed to be dif- 
ferent from each other. (79) is the same as 


(81) h(ay”) + h(xs”) + + = 0 (1 <u Sm). 
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Here the symbols h(x) denote independent variables which can take any real 
values. 
8.3 Define a relation 


a~b 
as having the following meaning. There exists an ordered system 
Lo, eee » tn 


of points satisfying x = a; x, = b which has the property that, for 
every v(1 S v S n), at least one of the relations 


Vy-1 — Uy 5 Ly — XLy-1 


holds. In particular, « ~ x for every 2. 
A set 8% is called connected if 


a~b whenever a,b < &. 
Obviously, every set $ can be represented as sum 
Bi+ B+--- +B, 


of connected sets 8, which have mutually no points in common, and this repre- 
sentation is, apart from the order, unique. If % is a section then every %, 
is a section. Also > 


(h, B) = (h, 


It is therefore evident that, in (81), we need only retain those inequalities which 
correspond to connected sections %“. Our next theorem asserts that the re- 
maining inequalities are, in fact, independent from each other. Let 


(1) (2) (r) 


be those non-empty sections which are connected. Then 1 S r S m. 
THEOREM 7. The inequalities 


(82) (rh, = 0 (1 <pS7) 


are independent from each other, and every inequality (79) is a consequence of (82). 
Proor. Put, forl S p S17, 


| 1 (« < 

(0 x 

Then (82) can be written in the form 

(83) = @h(z) 2 0 (1 <p S72). 


x(x) = 


The n 
assum 
r>1. 


is a 


Accor 
sets of 
is 
wi 
h(x) w 


(85) 


follow 
that 


(86) 
If x < 


Hence 


(84) 
and 
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The numbers h(x) are to be considered as independent real variables. Let us 
assume that the inequalities (83) are not independent from each other. Then 
r> 1. We can number the &” in such a way that the inequality 


L® > 0 
is a consequence of the system 
L” >=0 (l<p Xr). 


According to a theorem which follows most naturally from the theory of convex 
sets of points (For an elementary proof see 3, Satz 3. A very similar theorem 
is proved in 4), this can only be true if L” is a linear combination of L®, --- , 
L” with non-negative coefficients i.e. if there exists an identity in the variables 
h(x) which is of the form 


where 
Kz, , K, = 0, const. 
Then 
(84) x(x) = > K, x” (x) for all x. 
o=2 


a” is not empty. Let x < A. From 
1 = x (x1) cin K,x” (a1) 


and 
(85) (a1) 2 0 


follows that at least one of the numbers (85) is positive. Hence we may assume 


that 
(86) K2>0; = 1. 
Ifa < then, by (84), 
x(x) = Kx (x) > 0, 
x @)=1; a”. 
Hence A. Because of ~ there exists a point 
— 
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Since 
< 
and % is connected we can find a chain 
(87) = 43 Us 
which is such that, for every \ satisfying 1 S \ S 1, at least one of the relations 
A ; ay 
is true. Furthermore, a,, a, ,a,arein In view of 
a < 
there is at least one index , satisfying 


Remembering that %° is a section we conclude that ay, — Q,-1 is impossible, 
and that therefore, according to the property of the system (87), a,,.1 — m,. 
Then, using again the definition of sections, we find that 


= 0(p = 1) 
x” (ay,-1) = x” (a,) = 1 (p = 2) 
[=> 02@<p<n). 


Finally, by (84), 
0 =x — x" (m,) = (a,-1) — (a,)) 2 Ke 
= 


which contradicts (86). 

In conclusion I should like to add that it is possible, by means of the same 
theorem on linear inequalities used above, to prove the special case of Theorem 
1 where 7” is replaced by 7' and the measure is that defined in 7.2. 
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FAMILY OF TOTALLY UMBILICAL HYPERSURFACES IN AN 
EINSTEIN SPACE 


By Yune-CuHow Wone! 
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1. Introduction 


Let V, be a Riemannian n-space with fundamental tensor’ g;;(h, 7, j, k, 1 = 
1,--:,m).° As usual we denote by a comma the covariant differentiation with 
respect to g:;, and by Ri, and R;; the Riemann and Ricci tensors for g;;, 
respectively. The scalar curvature‘ a and the tensor L;; are defined by 


R 
n(n — 1)’ 

R 
— 1) » 


where R = g"R;;. Vz is called an Einstein space, a conformal-Euclidean space, 
or a space of constant curvature, and is denoted by E,, , C, , or S, , respectively, 
if V,, satisfies the respective condition:° 


(1.3) E,(n > 2) = —(n 1)agi;, 


(1.1) a=-— 


(1.2) Ly = Ry - 


1 
Rin = + for n> 8, 
Lin = 0 for n = 3, 
(1.5)  Sp(n = 2) Rin = 


In (1.3) and in (1.5) for n > 2 the scalar curvature a is automatically constant, 
while in (1.5) for n = 2, a is assumed to be constant. For n = 3, (1.4); is 


(1.4)  C,(n > 2) 


1 This paper was written while the author was a Chinese Ying-Keng Scholarship Student 
visiting Massachusetts Institute of Technology. The author wishes to thank Prof. D. J. 
Struik for the conversations they had from time to time during the preparation of the 
manuscript. 

? Fundamental tensors are always supposed to be non-singular, though not necessarily 
definite. All functions appearing in this paper are real and are assumed to have differen- 
tiability properties adequate to the part they play in the discussion. 

3 An index has the same range throughout this paper. An index which appears twice 
in an expression, once as superscript and once as subscript, is to be summed over the ap- 
propriate range. A numerical index at the upper right-hand corner means an exponential 
except in the case of the coordinates r¢, z*, x or x?. 

‘Here we follow Schouten’s definition; Eisenhart calls R the scalar curvature. 

5 T.e. a V, which can be mapped conformally on a Euclidean space. In this paper when- 
ever we speak of a C,, , it is understood that n > 2. For the theory of aC, , see, e.g., Eisen- 
hart 5, 89-92; Schouten-Struik 11, 199-205, as listed at the end of this paper. 

We wilte, e.g., — Lind; = Li 
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identically satisfied; for n > 3, (1.4)2 is a consequence of (1.4);. From (1.3), 
(1.4) and (1.5), it follows at once that an S,(n > 2) is an E, and a C, ; anda 
V, which is an E, and a C,, must be an S,, . 

The present paper is the result of an attempt to generalize a theorem given 
in a previous paper of mine (Wong 14, Th. 4.2’). Briefly stated, the theorem js: 
A one-parameter family of E,, which are conformal to one another can in general 
be imbedded in an E,,4; as totally umbilical hypersurfaces. A hypersurface in a 
Riemannian space is called totally umbilical if its first and second fundamental 
tensors differ by a scalar factor; in particular, it is called totally geodesic if its 
second fundamental tensor is identically zero. 

In Part I of this paper we first establish a generalization of the above theorem, 
Then a necessary and sufficient condition is obtained for a V, to be imbedable 
in an E,4; as a member of ° totally umbilical hypersurfaces. The condition 
is that V, have constant scalar curvature and that there exist scalar functions 
p of a certain nature satisfying the differential equation 


(1.6) pis + Liz gis. 


¢(p) is a known polynomial in p, and the sign — indicates that the tensor on its 
left is equal to the tensor on its right multiplied by a scalar. The determination 
of the imbedding £,,4; , if it exists, depends solely on the solutions of (1.6). An 
application of a classical theorem on a system of linear differential equation 
reduces the compatibility of (1.6) to that of a system of polynomial equations. 

A desire to determine all the C, imbedable in an EZ,4; as a member of «' 
totally umbilical hypersurfaces leads to the work of Part II, which contains a 
detailed study of (1.6) for the case of aC,.. For an £, ora V2 , equation (1.6) 
reduces to p,:; — gi;, which has been studied by Brinkmann (2), Fialkow (8), 
Yano (13), and Wong (14, §2). Here it is proved that aC, , not an S,, , for which 
equation (1.6) admits a solution is characterized by its tensor L;; having one of 
two particular forms. Canonical forms for the fundamental tensors of such 
C,, are obtained. 


I. Toratty HyPERSURFACES IN AN Equi 
2. Family of a totally umbilical V, in an E,,, 


Given ina V, (m = n + 1 > 2) @ one-parameter family of hypersurfaces 
V, , whose (first) fundamental tensors are of rank n, then a coordinate system 
exists in which the equation of V, is x” = const. and the fundamental tensor 
*g.8(a, 8 = 1, --- , m) is such that *9;, = O(¢ = 1, --- , n) (Eisenhart 5, 144 
and 5). It is known (Eisenhart 5, 182) that in this coordinate system, V, are 
totally umbilical in V,, if and only if *g;; is of the form *g;; = p gi;, where 
p = p(x*) and g;; = gi;(z"), and that’ d,,.p = 0 or ¥ O according as V, are totally 
geodesic or not. 
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Let the fundamental tensor of V,, be 


-2 
ep gi O 
0 


The fundamental tensors of V, are evidently pgi;. In order that they may 
be isometric to a given set of fundamental tensors ['p(’x*)]~’g;;(‘x") with ’x” 
as parameter, it is necessary and sufficient that there exists a transformation of 
the form 

identifying these two sets of fundamental tensors. In the coordinates ‘x*, 
the fundamental tensor of V,,, is of the form (2.1) with p, gi; , *g@mm replaced by 
Yrespectively. 

The above observations furnish us a way to discuss the imbedability of a 
one-parameter family of conformal V, in an £,4; as totally umbilical hyper- 
surfaces. In fact, we may suppose the tensors pg.; in (2.1) given, and deter- 
mine the condition in which *g,,», may be found so that the tensor (2.1) repre- 
sents’ an E,4,. The result is the following 

THEOREM 2.1. A one-parameter family of V, with fundamental tensors 
*9;;(2", x”) and parameter x” can be imbedded in an E,4: as totally umbilical 
hypersurfaces, which are not totally geodesic, if and only if the following conditions 
are satisfied: 

(1) of the form [p(2*, x”)] where ¥ 0; 

(2) Each V, has constant scalar curvature; 

(3) When it is assumed’ that p(x", x?) = 1 for some value x? of x”, the tensor 


an + 
p 


differs from g;; by a scalar factor. 
If n = 2, the tensor in (3) can be replaced by p,i; ; if n > 2, it can be replaced by 


n—1 
pag + Ri and by — p" Ry, 


where 'R;; is the Ricci tensor of *9;; . 


8’ By this we mean that *gag is the fundamental tensor of an Ey4: . 
* This assumption is not a restriction; for, if x} is any fixed value of 2”, 


™m 2 


p(x", x™) 
and — 

oak, 2m) 
From this it follows that any tensor of the family p~*g;; may be made to play the part of 
Gi; 


[o(x*, can be used in place of p(z*, x”), gi;(z"), respectively. 
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Let a one-parameter family of V,, with fundamental tensors *g;;(x*, x”) satisfy 
conditions (1), (2) and (3), and let the scalar curvatures of V,, be a(x”). Then if 
c is any constant not identically equal to a(x"), there exists one and only one E,,4, 
whose scalar curvature is c and in which V,, can be imbedded as totally umbilical 
hypersurfaces; the components of the fundamental tensor *gag of the En, are 


Jim = 0, P a(z™) 

Proor. The components of the Ricci tensor *R.3 of the fundamental tensor 
(2.1) are (Wong 14, (3.6)) 


*Rim = —(m — Pm + pmoi)s 


where ¢ is defined by eo” = *g”” = 1/*gmm ,€ = +1; pm = Om log p, 0; = 0; log a; 
’R;; is the Ricci tensor of *g;; = p gi; ; and the semi-colon followed by the 
indices z and j or m denotes covariant differentiation with respect to *g;; or 
*gmm , respectiveiy.” The condition for *g23 to represent an E,, is 


(2.3) —(m 1)e *Ja3 


where c is the constant scalar curvature of E,, . 
We now suppose that 0,» ~ 0, i.e. that the totally umbilical hypersurfaces 
x” = const. are not totally geodesic in E,,. From (2.3) and (2.2); we’ have 


+ pmoi = 0, 


which gives on integration 
(2.4) = 2(z") 0, 


where 2(x”) is some function of 2” alone. If we transvect (2.2). and (2.2); 
with *g"’ and *g”” respectively and subtract the results, we find, on making 
use of (2.3) and (2.4), 

(2.5) c+ = a(x”). 
Since by definition the left-hand member is the scalar curvature of *g;;, this 
equation shows that for each value of x” the fundamental tensor *g;; has constant 
scalar curvature, which we denote by a(x”). We observe that since 2(x”) ¥ 0, 
a(x”) cannot be identically equal to c. 


10 Tn this operation, the x” in *g;; and the z* in *gmm , respectively, are considered as 
parameters. The covariant derivative with respect to *gmm is formed with the Christoffel 
symbol of the second kind /Tim for *gmm - 
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Now equations (2.4) and (2.5) can be solved for eo”, giving 


Therefore the first part of our theorem will be proved if we can show that in 
consequence of (2.4) and (2.5), equations (2.2) and (2.3) are equivalent to con- 
dition (3) of the theorem. 

Because of (2.3), equation (2.2). is of the form 


(2.7) () + = 7 
Co 


where 7 is a certain scalar. The integrability condition of this equation is 


Rin (4), + (Rix — + ‘Ry — "Re = — GYikTs 


where ‘Rij, is the Riemann tensor of *g;;. When we transvect this with bd 
and then make use of the well-known identity (Eisenhart 5, 82, (26.4)) 


= 3/Rx, where 'R = *g'"R;;, 
we find 


20 sk 


But *g:; is of constant scalar curvature a(2”) and ‘R = —n(n — 1)a(x™). 
Therefore the above equation becomes —na(x”) (*) Lm Tks which gives, on 


integration, 


where w(x”) is some function of x” alone. With this value for 7, equation (2.7) 
can now be written more precisely as 


28) () Ry = )| 


Oo}; 


When this expression for () is substituted in (2.2); , the latter becomes, 
because of (2.3) and (2.5), 


(2.9) p () + — a(x”) = ow(2x”). 
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Now if ’Iim is the Christoffel symbol of the second kind for *9mm , then 


P/ 3mm p 
log + 40, log “inn ) 
p 


z(x™) 
by (2.4)." Substituting this in (2.9) and using (2.4) and (2.5), we have 
(2.10) war") = —ez’(2") = 
Therefore (2.8) becomes 
(2.11) () « nate") 
2pm 


It is easily seen from the way (2.5) was derived from (2.2). and (2.2); , that 
on account of (2.4) and (2.5), equations (2.2) and (2.3) are equivalent to (2.11). 

We now suppose, without loss of generality, that g;; is a tensor of the family 
so that” 


(2.12) x”) = 1 

for some value x? of x”. We wish to write (2.11) in terms of p and g;;. Con- 
necting the covariant derivatives, Ricci tensors, and scalar curvatures related 
to the fundamental tensors *g;; = p gi; and g,; are the following formulas 
(Eisenhart 5, 89-90): 


1 1 ij 1 
(*) — Pa _ » 
P ij o Oo} 


(2.13) 4’Riyi = Ry — (n — 2) + —Pa | ’ 


m m 2 2 
a(x") = a(x + og” pe — 9" 
\ 
where as usual the comma denotes covariant derivative with respect to gi;. 
We can now readily verify that on substitution from (2.13) and making use of 


(2.4), equation (2.11) becomes 


(2.14) 


hk 

On 1 Im 

k (p,m) (n ) — (n — 1)a(x? om 
np n p 


hs A prime (on the right) always means differentiation. 
12 See footnote 9. 
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Since (Onp),i; = Am(p,:;), the above equation gives an identity when transvected 
by g’’ and therefore is equivalent to 


1 Om 
= — — 1)” pis + gis, 
p p 
i.e. 
Om 
(2.15) Om (£4) + Rij diz 5 


Equation (2.15) proves condition (3) of our theorem. 
Suppose n > 2. Integrating (2.15) with respect to «”, we have 


Rij 
(2.16) 


+ Ti Gi; 
where 7;; is an integration tensor independent of x”. Now in consequence of 
(2.12), we have 

= 0, 


as follows from the very definition of partial differentiation. Therefore if we 
put «” = x} in (2.16), the result is 


Using this expression for 7';; in (2.16), we have 
1 


(2.17) + Rig Gis » 
which is equivalent to (2.15). Equation (2.15) is also equivalent to 
(2.18) — Ris ~ 9:5, 


as follows by elimination of p,;; from (2.13)2 and (2.17). 
Finally, if n = 2, the equation R;; ~ gi; is satisfied, and therefore (2.15) 


becomes 
p 


If we integrate this with respect to x” and treat the result as we did (2.16), we 
can show that (2.15) is equivalent to 


Equations (2.17), (2.18) and (2.19) complete the proof of our theorem. 

We end this section by obtaining a direct consequence of Theorem 2.1. Let 
n> 2. If Rij = —(m — 1)a(x>)g:;, then (2.18) demands that = 
—(n — 1)a(x™)*g;;. Also, if p is a function of x” alone so that ‘R;; = Ri;, 
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equation (2.18) becomes ’R;; = —(n — 1)a(x”)*g;;. Hence if we remember 
that any tensor of the family *g;; may be made to play the part of g:;, we have 
THEOREM 2.2. Let an En4:(n > 2) admit a one-parameter family of totally 
umbilical, but not totally geodesic, hypersurfaces V,. Then the V,, are all E,, 
if one of them is an E,, or if every Vis trivially conformal” to another. Conversely, 
let c be a constant and [p(x*, x”)|°g:;(x") with x” as parameter be the fundamental 
tensors of «' conformal E,,(n > 2) whose scalar curvatures are not all equal to c. 
Then if Omp ¥ 0, there exists a unique E41 of scalar curvature c in which the given 
E,, can be imbedded as totally umbilical hypersurfaces. 
The latter part of this theorem has been mentioned at the beginning of this 
paper. 
3.1 An imbedding problem 


Suppose that for a V, the equation 
n—1 
3.1) + for n> 2, 


admits a solution for p. We now prove that if the scalar curvature of V,, is 
constant, then that of p gi; is also constant. This result combined with 
Theorem 2.1 gives the following 

THEOREM 3.1. A necessary and sufficient condition for a V,, with fundamental 
tensor g;; to be imbedable in an E,,.1 as a member of « ‘ totally umbilical, but not 
totally geodesic, hypersurfaces is that V,, has constant scalar curvature and equation 
(3.1) admits a one-parameter family of solutions p(v*, x”) which is such that 
p(x‘, x”) = 1 for some value x of the parameter x”. If a V, satisfies this condition 
and p is any one-parameter family of solutions of (3.1) of the above-mentioned na- 
ture, then p gi; are fundamental tensors of a family of V,, which can be imbedded 
in an E,,4, as totally umbilical hypersurfaces. 

Proor. Suppose that the scalar curvature a = —(R/n(n — 1)) of Vy is 
constant. Consider first the case n > 2. We write (8.1): as 


+ ORG = Wis, 


where y is an unknown scalar and 


The integrability condition of (3.1’); is 


+ + = gin’ 


13 Two V,, are said to be trivially conformal to each other, if their fundamental tensors 
(in the same coordinates) differ by a constant scalar factor. 
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Transvection of this with g” gives, because Ri, = = 0 (Eisenhart 
5, 82, (26.4)), 
1 n-1 
(3.3) Ripa = + nad’p,x). 
Using (3.1’); , (8.2) and (3.3), we have 
= + nag’ pp,i). 
Let us then substitute for ¢’ from (3.2) and integrate; this gives 
(n — 1)ap" — 
n—2 
Now the scalar curvature ‘a of p “g;; is (ef. (2.13)) 


and it is readily shown that on account of (3.1); , (3.2) and (3.4), the right-hand 
member of the above equation is equal to A. Hence the scalar curvature of 
p gi; is constant, and our theorem for the case n > 2 is proved. 

Equation (3.1)2 for the case n = 2 can be treated in like manner. Indeed, we 
have in this case 


(3.4) = 2py + — A, A = const. 


= Ripa = vx, 
Rix = , —(ap + B), 
where B is a constant. The first two of these equations correspond to (3.1’); 
and (3.3) respectively; the third holds because n = 2; and the last follows at 
once from the second and third equations. We can then easily verify that 
gp.no.. = —(ap + 2Bp + A), A = const., 


and hence that A is the scalar curvature of pg;;. Our theorem is thus com- 
pletely proved. 


3.2. Continuation 


The question naturally arises: Given a V, with constant scalar curvature, 
how can we know whether or not it is imbedable in an E,,4; as a member of «+ 
totally umbilical hypersurfaces? The answer given in Theorem 3.1 is not 
explicit enough, but may be so reduced that it depends only on the compatibility 
of a system of polynomial equations. 

Consider first the general case n > 2. It is readily seen from (3.1); , (3.2) 
and (3.3) that equation (3.1); is equivalent to the following system of linear 
differential equations in the n + 2 unknown functions p, y, 6; : 


(0:5 + = 


(3.5) — nad's: , 
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We now apply a classical theorem (Eisenhart 6, 1—+) on a system of linear dif- 
ferential equations to (3.5). The integrability conditions of (3.5), (3.5):, 
(3.5)3 are respectively 


Rin + + = 
(3.6) 9(1 — = (1 — + (1 — — = 0, 
5) = 0. 


Equation (3.6); is satisfied on account of (3.5):. On substitution from (3.5), 
equations (3.6); and (3.6)2 become 


a ont 


i , 1 
+ (Rash gis + na | 
3.7 
+ Ritin = 0, 


(1 — — = 0. 
It is easily verified that (3.7). is identical with (3.7); transvected by 6°. This 
was also to be expected, because (3.3) was obtained from the integrability con- 


dition of (3.1’):. Hence the integrability condition of (3.5) reduces to (3.7),, 
which we write as 


(F); (Ain + Bind’) + = 0, 


where 

a 1 
l 

Ain = Rin — | 


(3.8) 


1 
Bin = Rida + — i + , 


n 


= 


are tensors constructed from gj; . 


It is not difficult to show that (F), is identically satisfied if and only if V, is 


an S,. If (F); is not identically satisfied, we differentiate it covariantly with 
respect to g:; and substitute for 6;,;, ¥,; and p,; from (3.5). The result is 


Bi + [Abin + (B! + 
+ (Ain + Bi nd’)(—oRu + von) + = 0. 


Because of (F),, this cannot be identically satisfied without (F), first being 
identically satisfied. Differentiating (F)2 covariantly and then substituting 
for 0;,;, ¥,, and p,; from (3.5), we get a set of equations (F);. Proceeding in this 
way we obtain a sequence of sets (F); , (F)2 , ete. of equations, to which a classical 
theorem on mixed systems of total differential equations (Eisenhart 6, 3) can 
be directly applied. We observe that the equations (F):, (F)2, ete. in our 
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ease are all polynomial equations and that they can be constructed as soon as 
the fundamental tensor g;; of V, is given. 

Hence combining the preceding results with Theorem 3.1 we have the necessity 
of the conditions in the following 

THEOREM 3.2. In order that a V,(n > 2) may be imbedded in an E,4; as a 
member of ~* totally umbilical, but not totally geodesic, hypersurfaces, it is neces- 
sary and sufficient that the following conditions are satisfied: 

(1) A positive integer N exists such that the equations of the sets 
(F),, (F)w admit a one-parameter family of solutions p(x‘, x”), 
v(a", x”), 0:(2", x”) of the nature that p(x", x") = 1 for some value x of the param- 
eter x”; 

(2) The equations of the set (F)y41 are satisfied because of the equations of the 
seis (F),, (F)o,---, (F)w. 

To prove the sufficiency of the conditions we need only show that a V,, satis- 
fying them must be of constant scalar curvature. But the latter fact is easily 
proved; for, if we transvect (F); with g’’, the result is }¢R,, = 0, showing that 
R is constant. 

A V2 with constant scalar curvature is an S.. For an S, equation (3.1) 
becomes 


(3.9)  GJij- 

If we use the Riemann form of the fundamental form of S, (Eisenhart 5, 85) 

(3.10) gi dx’ dxi = > + + e, (dx") 


(e +1), 


where a is the (constant) scalar curvature of S, , then the general solution of 
(3.9) is readily seen to be 


_ + + + Act’ + Anti 


(3.11) 


where the A’s are arbitrary constants Evidently, by suitable choice of the A’s 
as functions of a parameter x”, a one-parameter family of solutions p(x", x”) 
can be found (and in infinitely many ways) such that p(2*, x”) = 1 for some value 
zr} of x”. Hence the condition of Theorem 3.1 is satisfied. Now it is seen from 
(3.10) and (3.11) that in this case every tensor of the family p °g;; is the funda- 
mental tensor of an S,. And since it is known (Wong 14, Th. 9.3) that an 
E,.4, which admits «1S, as totally umbilical hypersurfaces is an S,4:, we have 

THEOREM 3.3. An S, can always be imbedded (and in infinitely many ways) 
in an Sys as a member of ~' totally umbilical hypersurfaces. 


4, Totally geodesic hypersurfaces in an E,,,, 


We now consider the case excluded from the preceding discussions. As 
follows from what we said at the beginning of §2, the condition for a V, with 
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fundamental tensor g;; to be imbedable in an EF, (m = n + 1) as a member of 
2" totally geodesic hypersurfaces is equivalent to the condition for the existance 
of a non-zero scalar p(x“) such that the fundamental tensor *g3 with components 


(4.1) *gim = 0, = gis(a"), *mm = Cp; (e = +1), 
represents an E,,. By definition, *g.3 represents an E,, if and only if 
(4.2) *Rop = *gas , = const. 


Now the components of the Ricci tensor of *gas are 


(4.3) *Rim = 0, *Ry = Ry + 

p p 
Therefore (4.2) becomes, on account of (4.1), 
(4.4) pst = —nepgiz, = —NEp. 
Transvecting (4.4); with g’’ and comparing the result with (4.4)2, we find 
(4.5) R = = —n(n — 


This shows that the scalar curvature a of V, is equal to the (constant) scalar 
curvature c of E,,. Hence from (4.4); we have the following theorem comple- 
mentary to Theorem 3:1 of the preceding section: 

THEOREM 4.1. A necessary and sufficient condition for a V,, with fundamental 
tensor gj; to be imbedable in an E,,,, as a member of ~' totally geodesic hypersurfaces 
is that the scalar curvature a of V,, is constant and the equation 


(4.6) + = —napgi; 


admits a non-zero solution for p. If a V,, satisfies this condition, then corresponding 
to each non-zero solution p of (4.6) there are two and only two such imbedding 
E41, and the components of their fundamental tensors *gas are given by (4.1). 

Equation (4.6) is equivalent to the following system of linear differential 
equations in the n + 1 unknown functions p and 8; : 


(4.7) 6:5 + pRi; = —napgi;, pi = 4, 


for which the sets (G),, (@)2, ete. of equations corresponding to (F):, (F):, 
ete. of §3.2 are 


(G1) (Al jx + Bi + Cinp = 0, 
(Ge) (Ab jen + + — [(Aije + Bijx)(Ru + nagu) — Cinale = 0, 
etc., 


where the tensors A, B and C are as defined in (3.8). Since the equations in 
(G): , (@)2 , ete. are all linear homogeneous in p and 6; , we have from Theorem 4.1 
the following theorem corresponding to Theorem 3.2: 
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THEOREM 4.2. In order that a V, may be imbedded in an E+; as a member of 
«' totally geodesic hypersurfaces, it is necessary and sufficient that the following 
conditions are satisfied: 

(1) A positive integer N _ exists such that the sets of equations 
(@2, , are compatible and the equations of the sets (@)n+1 are satis- 
fied because of the former sets; 

(2) The sets (G@):, (G2, --- , (@w have at most n independent equations. 

For an S,, equations (4.7) become 


(4.8) = —a4p9i;, 6; 


which are completely integrable. Hence by the remark just above Theorem 
3.3, we have 

THEOREM 4.3. An S, can always be imbedded (and in infinitely many ways) 
in an S,,41 as a member of totally geodesic hypersurfaces. 

The case of an S, is closed by Theorems 3.3 and 4.3, and will therefore be 
excluded from our future discussions. 


5. Totally umbilical hypersurfaces in an E,,,, which are C, 


Equations (3.1) and (4.6) which appear in Theorems 3.1 and 4.1 are all particu- 
lar cases of equation (6.1) of the next section, where the latter equation will be 
studied in detail for the case of a C, , i.e. a conformal-Euclidean V,. In light 
of what we shall obtain, the following theorems are immediate consequences of 
Theorems 3.1 and 4.1: 

THEOREM 5.1. If an En4:(n > 2) admits a family of totally umbilical hyper- 
surfaces which are C,, but not S, , then the tensor L;; of each of these hypersurfaces 
is of the form (6.3) or (6.4). Conversely, a C, of constant scalar curvature with 
tensor L;; of the form (6.3) or (6.4) can be imbedded in infinitely many E,4; as a 
member of «* totally umbilical hypersurfaces or totally geodesic hypersurfaces. 
The determination of all these E,4; is based either on a simple integration or on the 
solution of a linear differential equation of the second order. (Cf. Ths. 6.1, 7.1-7.3) 

THEOREM 5.2. A C,, can be imbedded in an E,,4; as a member of ~' totally 
umbilical hypersurfaces or totally geodesic hypersurfaces, if and only if it is an S, 
or if n > 2 and its fundamental form can be reduced to the form (8.8’), (8.9’) or 
(8.27). (Cf. Ths. 8.1, 8.2.) 


II. Some CONFORMAL-EUCLIDEAN Spaces C, 


6.1. A differential equation 


For the rest of this paper we confine ourselves to the case of a C,(n > 2), and 
study in detail the equation 


(6.1) + = 


where L;; is the tensor (1.2), w is an unspecified scalar, and ¢ = ¢() is a given 
function of p such that ¢’ # —1/(n — 2). 
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The supposition ¢’ ~ —1/(n — 2) is significant, because for any C,, the equa- 
tion 


Liz = wi; , A = const. 


always has a solution. Indeed, if g:; represents a C,, a scalar o exists such 
that the tensor o °g;; represents a Euclidean space. Consequently o satisfies the 
equation 


Ry — (n — 2) + oy + (n- = 0, 


(6.2) — 


the left-hand member being the Ricci tensor of o °g;; written in terms of gj 
(ef. (2.13)2). From this it follows that p = o — A isa solution of (6.2). 

We now proceed to prove the following 

THEOREM 6.1. Fora C,,, which is not an S,, , equation (6.1) has a solution for 
p, if and only if the tensor L;; of Cy is of the form™ 


(6.3) Lis = + FO, 
or 
(6.4) Li; = = 0, 


where 4(p) ¥ 0, &(p) ¥°0; in the latter case L = g"Li; = 0,w = 0. Leta, 
satisfy either of these conditions. Then a function X = X(p) exists such that 

(6.5) = + Ji» OY = , 


according as we have (6.3) or (6.4); and the solution of (6.1) is identical with the 
solution p = p(p) of the linear differential equation 


(6.6) + Xp’ + of = 0. 
Proor. For a C,, equations (1.4) hold. The integrability condition of 
(6.1) is 
Ripa t + = gion 


which, on account of (1.4), becomes 
1 
(Litip,n + pt) + Litip,n = 


i.e. 


(6.7) (+ + + oul — wn) == 


14 That V, be a C,, satisfying (6.3) is, incidentally, the condition for a V,, (n > 2), not an 
S,, to be a subprojective space in the sense of Kagan. Cf. Schouten-Struik 11, 215-225. 
and also the literatures quoted there. 
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Transvection of this with g” gives 


(6.8) (1 —(n- lho, = — + : ) Lon 


n— 2 
Transvecting (6.7) again with gp, , we find 
+ = 0, 
which is equivalent to 
(6.9) ¢'Lip + wx = a = scalar. 


Since ¢’ ~ —1/(n — 2), equations (6.8) and (6.9) can be solved for Lip.: 
and w,,, giving 


(6.10) Lip, = Wk = 


where 8 and vy are some scalars. Equation (6.10). shows that w = w(p) and 
y = w’. Consequently, as a result of (6.10), the integrability condition (6.7) 
becomes 


1 1 
(6.11) + ty) Lit + (4 = 
which can be written in the form 

(6.12) Lis= + 


We shall now proceed to prove that » and ¢ are both functions of p alone. 
On account of (6.12) we have 


(6.13) L = int+ ng, 

(6.14) [2 + (n — 2)6’]f = (n — 2)w’ — én, 
where 

(6.15) = 


Equation (6.13) is the result of transvecting (6.12) with g‘’. To prove (6.14), 
we use (6.12) in (6.8) and obtain 


n—2 


which gives (4.14) on substitution of Z from (6.13). 
Because of (6.12), equation (6.1) becomes 


(6.16) = + — 
Thus, by differentiating (6.15) we have 

—2(gin + oF — w)p,x. 
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From this it follows that = &(p) and 
(6.17) — w = 
Using (6.12) in (1.4)2, we have 
On substitution from (6.16), this becomes 
(6.18) — nw — + = O. 
At this stage, we have to consider separately the two cases  ¥ 0 and é = 0, 


6.2. The case ¢ ~ 0 


Since ¢ and w are functions of p, it follows either from (6.14) or from (6.17) 
that ¢ is of the form 


(6.19) = + v(p)n, 


where » and » are some functions of p, and v ¥ 0 because § ¥ 0. Using this 
value of ¢ in (6.18), the latter becomes 


(vgit; + + + — — $6) ] = 9. 


Since » ¥ 0, this equation can be written 


(6.20) + — Tem) = 9, 

where 

(6.21) —vr =p’ + v'n — — 

From (6.20) it follows that either 

(6.22) Dk — Ter = 0, 

or + = — — € = a scalar. 


But the latter case cannot happen; otherwise g;; would be of rank S 2. There- 
fore (6.22) is true, and 7 is a function of p alone. Then it follows from (6.13) 
and (6.14) that ¢ and L are also functions of p alone, as was to be proved. 

Since 7 is now equal to 7’, we have from (6.21) and (6.19) that 


(6.23) = nw — $f). 

If » = 0, it follows from (6.12) and (1.4) that C, isan S,. And from (6.14), 
(6.17), (6.23) and —& ¥ 0, we can easily show that if ¢ = 0, then 7 = 0 and con- 
sequently C,, is an S,. 

We have now proved the necessity of condition (6.3) for the case — # 0. 
That this same condition is also sufficient can be proved as follows. 

Let a C,, be given satisfying (6.3). Then C, cannot be an S,. Using (6.3) 
in (1.4)2 , which is true for any C,, , we find 


AD, itkP, 3) + = 
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Because 4 ~ 0, this can be written 
Fad 
(6.24) Bis = + = a scalar. 


Differentiating (6.15) and making use of (6.24), we have 

Ex = 29° = 29", (i900. =2 (xe + 
Since ~ + 0, it follows from this that £ and i are functions of j alone and 
6.25) (xe + ‘ 


If C, , which is not an S, , permits a solution of (6.1) such that = g"p,.p, ; ¥ 0, 
equations (6.12) and (6.16) with 7 ¥ 0, ¢ ~ 0 must hold. Comparison of (6.3); 
with (6.12) tells us that p,; and j,; have the same direction, which is a principal 
direction of L;;. Hence p = {(p), the exact form of which will presently be 
determined. 

When f = A(p) is used in (6.3), and (6.24), the result is 


(6.26) Lis = + 


Comparing these with (6.12) and (6.16) respectively, we find 


.. 


—$n w — oF 

From these it follows, by elimination of 7 and ¢, that 

(6.28) 

np 

np 


Equation (6.28) is a relation between p and p, while (6.29) gives the value of the 
unspecified scalar w. These equations must be satisfied if C,, permits a solution p 
of (6.1) such that § ~ 0. Now because of (6.28) and (6.29), equation (6.1) can 
be written 


+ (BY — )Lis = — )E + - 


But it will be noticed that this equation is identical with the result of eliminating 
p,ip,; from (6.26) and (6.27) Hence, equation (6.1) is a consequence of (6.28), 
and we may conclude that for a C, satisfying (6.3), the solution of (6.1) is identi- 
cal with the inverted solution p = p(j) of (6.28). But it is readily verified that 
written with p as dependent variable, (6.28) becomes (6.6). Hence our theorem 
for the case £ ~ 0 is proved. 
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6.3. The case ¢ = 0 


In the preceding discussion the supposition £ ~ 0 was first introduced after 
equation (6.18). Therefore this equation and the results preceding it also hold 
for the present case. 

From (6.13), (6.14) and (6.17) we have, by putting & = 0, 


(6.30) L= nf, [2 + (n — 2)9']f = (n — 2)u’ w = of. 


Since ¢ and w are known to be functions of p alone, it follows from the above 
equations that ¢ and L are also functions of p alone. As a consequence of this 
and (6.30), equation (6.18) now becomes 


(6.31) — = 9, 
i.e. 
(6.31’) = + = + app, 


where a; is a certain vector. The last equation shows that 
a: = 1 + Bp, , = a scalar, 
and therefore (6.31’) becomes 
= + + Bp 
From this it follows that 
(6.32) = 0; 


otherwise g;; would be of rank S 2. Consequently, (6.31) reduces to 7,;;p,., = 0, 
which shows that 7 zs a function of p alone. 
Moreover, on account of (6.32), we have from (6.30) that 


(6.33) L= ¢ =o = 0. 
Therefore, equations (6.12) and (6.1) become 
(6.34) Li; = 


where 7 ¥ 0; otherwise C,, would be an S, . 

Equation (6.34) proves the necessity of condition (6.4) for the case & = 0. 
That this condition is also sufficient will now be proved by an argument similar 
to that for the case £ ~ 0. Let there be given a C,, whose tensor L,; is of the 
form (6.4). Using (6.4) in (1.4). , we deduce, as in (6.24), 


(6.36) = = a scalar. 
The integrability condition of this is 


(6.37) Ri = + AD - 
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Now in consequence of = 0, (6.4) and (1.4); , the left-hand member vanishes, 
while at the same time, the last term is zero because of (6.36). Hence (6.37) 
becomes i, 1), ;) = 0, showing that is a function of p alone 

Now by comparison of (6.34) and (6.4), it follows that j = f(p). When this 
is substituted in (6.4) and (6.36), the result is 


(6.38) Li; = 10" — 
Comparing these with (6.34) and (6.35), we have 


and hence 
(6.39) 


which is identical with (6.28) and is therefore equivalent to (6.6). Equation 
(6.39), or (6.6), must be satisfied if the C, in question permits a solution p of 
(6.1) such that € = 0. But on the other hand, if (6.39) is satisfied, equation 
(6.1), which is now p,:; + ¢L;; = 0 by (6.33), is a consequence of (6.38). There- 
fore we may conclude that for a C,, satisfying (6.4), the solution of (6.1) is identi- 
cal with the solution p = p(f) of equation (6.6). Hence Theorem 6.1 is com- 
pletely established. 


7. Applications 


In §8 canonical forms for the fundamental tensors of the C,, considered in the 
preceding section will be obtained. But in the meantime, we apply the preceding 
results to a C,,(a) which permits a solution of equation (3.1) or (4.6). For con- 
venience we denote by C,,(a) a C, of constant curvature a. We first show that 

THEOREM 7.1. For aC, whose tensor L;; is of the form (6.3) or (6.4), equation 
(3.1): admits infinitely many one-parameter family of solutions p(x", x”) such that 
p(x‘, x") = 1 for some value x?" of the parameter x”. 

Proor. By Theorem 6.1, in the case under consideration the solution of 
(3.1); is identical with the solution p = p(p) of 


2 


where \ is a certain function of f. According to the existence theorem, the 
solution of (7.1) can be written as 


7.1) p” + + — 9) = 0, 


where fj, is some value of A; (p). and (p’), are arbitrary constants; and (p”’), , 
(p’”’), , ete. are determined from (7.1). If we take (p), = 1 and (p’), = 0, then 
it is readily seen that (p’’),, (o’”’)o, etc. are all zero, and consequently the 
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corresponding solution is p = 1. Hence, if f(x”) and h(x”) are any two func- 
tions of x”, the one-parameter family of solutions p(2x*, x”) of (7.1) corresponding 
to (p)o = f(x”) — f(a”) + land (p’). = h(a”) — h(x") is such that p(x", 2”) = 1, 
Thus our theorem is proved. 

As a direct consequence of Theorem 6.1, we have that” 

THEOREM 7.2. For a(C,(a), not an S, , equation (4.6), 7.e. 


(7.2) + = — 


admits a solution satisfying g‘’p,:p,; = 0, if and only if the tensor L;; of Cn(a) is 
of the form (6.4). 

Also by Theorem 6.1, if, for a C,,(a), not an S, , equation (7.2) admits a solu- 
tion satisfying g‘’p,:,; ~ 0, then the tensor L;; of C,(a) must be of the form 
(6.3). This condition is also sufficient; indeed, we shall now prove 

THEOREM 7.3. For aC,(a), not an S, , equation (7.2) admits a solution satis- 
fying g''0,:p,; ~ 0, if and only if the tensor L;; of C,(a) is of the form (6.3). If 
C,.(a) satisfies this condition, the solution of (7.2) is 


(7.3) p = A exp. | -/ a | A = const., 


where the prime denotes differentiation with respect to p. 
To prove this theorem we need the formula 


(7.4) x — + + = 0, where x = 


and \ = (A) is the function appearing in (6.5), namely, 
(7.5) Bis = + 
Equation (7.4) can be verified as follows. The integrability condition of 
(7.5) is 
Ri = + - 
In consequence of (1.4); , (6.3) and (7.6), the two members of the above equa- 
tion reduce to 


1 


1 


= —(F + 
+ = (X — 


respectively. Equality of these two expressions gives (7.4). 
We may now prove our theorem. From the argument below (6.29) it follows 
that for a C,(a) satisfying (6.3), equation (7.2) is equivalent to the two equa- 


15 Equation (7.2), for the case of a C;(O), has been discussed by Chou (3, 4). 


tion: 
equé 


(7.6, 


(7.7) 
Diffe 


Ther 
being 


Le 
privi 
sider 
folloy 


(6.3), 
(8.1) 


admi 
any | 
in wh 


absor 


(8.3) 


where 


to rep 
is con 


(8.4) 


a 
(8.2) 
where 
(8.2), 
We 
= 


of 


ua- 


OWS 


HYPERSURFACES IN EINSTEIN SPACE 291 


tions obtained by putting ¢ = p, w = —4nap in (6.29) and (6.6). These two 
equations are 


(7.6) (§ + 3na)p 
X 
(7.7) p”’ + Xp’ + ap = 0. 


Differentiating (7.6) and making use of (7.4) we have 
+ 3na)p’ + + 3na)px’ 


X x 
_&+ 4na)"p  (F + 4na)’ p 
x 
= Xp! + fp. 


Therefore, (7.7) is a consequence of (7.6), and hence the solution of (7.2) exists, 
being given by (7.6). Our theorem is thus proved. 


8.1. Canonical form for the fundamental forms of some C, 


Let us now return to the general case and proceed to construct in certain 
privileged coordinates the fundamental forms of the C, studied in §6. Con- 
sider first the case £ ~ 0. If we put d = 0 in (6.17), we have w = 3’. Thus it 
follows from Theorem 6.1 for ¢ = 0 that the tensor L;; of a C, is of the form 
(6.3), if and only if the equation 


(8.1) = 28955 
admits a solution p. Following Brinkmann (2, 123-4), we can prove that in 


any V, for which equation (8.1) admits a solution p, a coordinate system exists 
in which 2” = p and the fundamental form of V, has the form 


2 


where /y,(2") is independent of p. Conversely, for a V, with fundamental form 
(8.2), where é is any function of p, p satisfies (8.1). 

We first suppose that ¢ ~ 0. Putz” = e€ > 0, where e = +1, and let e be 
absorbed in hy,(2*). Then the form (8.2) becomes 


(8.3) he (2°) dx’ de’ + 
de 


to represent a C, is that the form hy». dx’ dx represents an S,1. In fact, (8.3) 
is conformal to the separable form 


where we have written Z = Z(z) = ez“ (“) . Now the condition for (8.3) 


2 
(8.4) dx’ da? = hy-(x*) dx’ + 
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and it was shown by Ficken (9, 897) that the condition for (8.4) to represent a 
C,, is equivalent to the condition for fy. dx’ dx* to represent an Sy. . 

We now calculate the scalar curvature of (8.3). It is known that the scalar 
curvatures C and ’C of (8.3) and (8.4) are connected by (ef. 2.13)) 


2 


where the solidus denotes covariant differentiation with respect to (8.4). But 
2 = 0, 2m = 1, and, if ’T}, is a component of the Christoffel symbol of the 
second kind for (8.4), 


= "Zinn = Z(—'Tan) = 32’. 
Therefore we have 


(8.5) C= 'C2 + 


To express ’‘C in terms of the scalar curvature B of hs. , we note that the non- 
(h 


vanishing components of the Ricci tensor of (8.4) are ’Ry. = Rs, where the 
superindex (h) indicates that the tensor is refered to hy. Therefore it follows 
that n’C = (n — 2)B. Using this in (8.5) we have 


(8.4) nC = (n — 2)Be? + 2Z’ — nZ = (n — 2)B2 + 2" 


If hy. represents an S,_1, B = const. and (8.6) shows that C = C(z). Then, 
by integrating (8.6) we have 


(8.7) Z = Az” + Be + nz” / om &. 


where A is a constant. 
We now suppose that ¢’ = 0. Then since by hypothesis § = const. ¥ 0, 
an obvious transformation would reduce the fundamental form (8.2) to the 


form 
hoc(x*) dx? dx’ + e (dz)’, e= +1. 


Like (8.3), this represents a C,,(C) if and only if hy. represents an S,_,(B); and 
then nC = (n — 2)B = const. 
Summing up the preceding results and using the Riemann form for the fun- 


damental form of an S,_1, we have 
TuEorEM 8.1. A V,, is a C,, whose tensor L;; is of the form (6.3) if and only if 
its fundamental form can be reduced to either of the following forms: 


4 (dz) 
2 + + Be + nz" / ae | 
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[1 + q | 
wherea = 1, +-+:,n — 1; eache is +1; A and B are constants; and C = C(z). 
The scalar curvature of C,, is C for (8.8) and is sae 


B for (8.9). 
In particular, when C = const., we have 
Coro.iary 8.1. A V, is a C, whose tensor L;; is of the form (6.3) and whose 
scalar curvature C is constant, if and only if its fundamental form can be reduced 
to either of the following forms: 


Dea €a(dx")” (dz)? 
(8.8’) 
| cata") | 27(Az" + Bz C) 


We remark that in (8.8) or (8.8’), if the constant A is not zero, it may be supposed 
tobe +1. In fact, if we put z = a’z, a = const., (8.3) and (8.7) become 


\ 2 
1? hee(a*) da? dat + @ | 


'Z = Aa"'2" + + n'2" | ds. 


Now if A ¥ 0, a can be so chosen that Aa” = +1. Butsince the scalar curva- - 
ture of (a “hy-) is equal to a’ times that of hs, this transformation from z to 
’z does not affect the property of i». being the fundamental tensor of an S,:(B). 
Hence our assertion is proved. 

8.2. Continuation 


We now consider the case £ = 0. By Theorem 6.1, the tensor L;; of a C,(0) 
is of the form (6.4) if and only if the equations 


(8.10) pis = 0, = = 0 
admit a solution for p. Then p is a function of p and we have 


(8.11) Lis = n(e)p,ip,; n 0. 


Brinkmann (2, 131-2) proved that in consequence of (8.10) a coordinate 
system x”, y, z (p, g, 7, 8 = 1, ++, m — 2) exists in which p = z and the funda- 
mental form of C,,(0) has the form 


(8.12) gi; dx’ dx? = fp, dx” dx* + 2m, dx’dz + m(dz)’ + 2 dy dz, 
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where the functions f,, , mp and m are independent of y. For (8.12), the non- 
vanishing components of Ij; are 

where the superindex (f) indicates that the quantities are referred to the form 
Sq dx” dx", z being considered as a parameter. From these it follows that 

(8.13) Rar Ital rp — = R yar - 
On the other hand, since C,,(0) is conformal-Euclidean, we have from (1.4); 
and (8.11) that 


(8.14) Rin = + 
where z,’ = g"z,;, and Z is defined by n(p) = (n — 2)Z(z). But 
(8.15) = = 0, 2. = 1; =z,” = 0, = 1. 


Therefore the components R,,, of Rij, are zero. Thus (8.13) gives Rig = 0, 
and consequently, for each value of z the form f,, dx” dz* in (8.12) represents a 
Euclidean V,_2. Hence by means of a suitable transformation of the form 


the fundamental form (8.12) can be reduced to (after dropping the dash) 
(8.16) gi;dx' dx’ = >> e,(dx”)? + 2m, dx” dz + m(dz)’ + 2dydz, e? = +1, 
Pp 


where, as in (8.12), the functions m, and m are independent of y. 
For this fundamental form we have 
= Mona = = = = 0, = , 
and whence Rijn = — ys = = But 
should be zero by (8.14) and (8.15). Therefore we have 
(8.17) = Py(z) = —Pep(2), 


where P,,(z) are some functions of z alone. 
It is easily seen that if Y(x’, z) is a function of x’ and z, and Q?(z) are func- 
tions of z satisfying the equations 


(8.18) €rQ? = 


or their equivalent 


(8.18’) QF = erbrq 


Pp 


then the following change of coordinates _ 
(8.19) = Q?(2z)z’, y=yrt Y(v,2), ‘g=2 
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will preserve the form of (8.16). Now for (8.16) the contravariant components 
of gi; are 


a—In—1l pn—l 


q = , = Cydpq - 


(8.20) 


Therefore if we denote by ’g’””’ and 'm, the corresponding values to g’” and 
m, in this new coordinate system (8. - we have 


—¢,'m, = = g® (Q? x (y + Y) 
(8.21) 


We shall now prove that the functions Y and Q? may be so chosen that ’m, = 0. 
Making use of the conjugate system Q%, of Q? defined by 


(8.22) Q?Q, = 
it follows from (8.21) that the condition ’m, = 0 is equivalent to 
oY 
But we have from (8.18) and (8.22) that e,Q%, = e,Q?, therefore the above equa- 
tions can be written 


— + = 0, not summed). 


oY tof 
(8.23) axe = — 2’. 
Pp 
Now let us consider the variable z in Y as a parameter. Then the integrability 


condition of (8.23) is 
= 


which. becomes, by (8.17), 
(8.24) = Pra. 


If we write 2 = n — 2, then (8.24) are 37(% — 1) equations, which, together 
with the 4”(% + 1) equations (8.18), form a system of 7” equations for the i” 
unknowns Q?. That this system of equations is compatible we shall prove 
later. For the moment, we assume that a set of values Q? have been found 
satisfying (8.18) and (8.24). Then, equations (8.23) can be solved for Y. 
Hence the functions Q? and Y in (8.19) can be so determined that ’m, = 0, 
as was to be proved. In other words, there exists a coordinate system in which 
the fundamental form of C,(0) has the form 


(8.25) gi; dx‘ dx’? = e,(dx”)? + m(dz)’ + 2 dy dz. 
Pp 
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Now we have to determine m so that (8.14) is satisfied. For (8.25) the non- 

vanishing components of and are’® 
— ym, = —30,m, = 20,m; 
Rar = 4€,0,0.m, = 40,0,m. 
On the other hand, we have from (8.14) and (8.15) that the only non-vanishing 
components of Rj; are 
Rivne = Zor, Roan = 

Comparison of these two different expressions for the components of R} ;, shows 


that 
= 2Zgpq = , 


which gives, since m is independent of y, 
(8.26) m = e,(2”)? + Zot? + 
Pp 


where the Z’s are some functions of z alone. 

We can prove, by direct computations, that the fundamental form (8.25) 
with the value (8.26) for m is actually the fundamental form of a C,(0) whose 
tensor L;; is of the form (6.4). Indeed, for this fundamental form the only 
non-vanishing components of Ri; and R;; are 

Raw = Zi, = Ran = (n — 2)2Z. 
From these it follows that L = R = 0, Li; = R:;, and consequently, we can 
easily verify that conditions (1.4) are satisfied. 

Hence we may state the following 

THEOREM 8.2. A V,, 2s a C,(0) whose tensor L;; is of the form (6.4) if and only 
if its fundamental form can be reduced to the form 


(8.27) e,(dx”)” + 2dydz + [Z ep(x”)” + Zpx” + dz)’, 
Pp Pp 


= +1, p=1,---,n — 2, 


where the Z’s are some functions of z alone. 

To complete the proof of this theorem, we now show, as was asserted, that 
equations (8.18) and (8.24) can actually be solved for Q? . From the equiva- 
lent (8.18’) of (8.18) we have 


(8.28) (2 = + Qi)’ = 0. 
Hence (8.24) can be written 
2 = Pra. 
Transvecting these by Q{, we find 
2e,(Q;)’ = (s not summed), 
that is, (Q5)’ = = not summed). 


16 Strictly speaking, there are two more sehiearaiiie, components of Ris , namely, 
(= —Rinr) and (= - 


tion fe 
when 


(Qr)o ¢ 


sion (§ 


which 


3. CH 
4, Cu 
5. Eis 
6. Eis 
7. Fia 
FL 


8. Fra 
9. Fic 


10. 
ll. Scx 
12, Yat 
13, Yar 


14. Wo 


There! 
(8.29) 
These 
the 
| 
Ma 
1. Br 
2. BR 


1g 


NS 


ly 


ut, 


yy 


HYPERSURFACES IN EINSTEIN SPACE 297 


Therefore, on account of (8.18), equations (8.24) are equivalent to 


(8.29) (Q;)’ = rq 


These are a system of i” = (n — 2)’ ordinary linear differential equations in 
the i’ unknowns Q; and one independent variable z. They have a unique solu- 
tion for any set of initial values (Q°), at z = z. We can easily prove that 
when (Q;). are suitably chosen, the solution Q} satisfies (8.18). Indeed, since 
(Q:). can always be found satisfying (8.18), we need only show that the expres- 
sion (8.28) is satisfied because of (8.29). Now 


102 + ae) 


= 2(Prq + Pur); 


which is zero by (8.17). Hence our assertion is proved. 
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EUCLIDEAN APPLICATIONS OF THE PROJECTIVE DIFFERENTIAL 
GEOMETRY OF THE R,-CORRESPONDENT 


By P. O. BELL AND W. C. ForEMAN 
(Received July 3, 1942) 


INTRODUCTION 


Let C, denote an arbitrary curve on a surface S in ordinary projective space. 
P. O. Bell has recently presented the following construction for the line which 
he calls the Ry-correspondent' of the tangent to C, at a point x: Let X denote a 
point of C, distinct from Z let U’, ur denote, respectively, the points of inter- 
section of the asymptotic u'- and u’-curves passing through x with the asymp- 
totic u’- and u’-curves passing through X, and let W denote the point of inter- 
section of the tangent plane to S at x with the line joining the points U’, U’. 
The Ry-correspondent of the tangent to Cy at x is the limit of the line joining x and 
W as X approaches x along C,. He has proved, moreover, the following three 
theorems: 

(i) A curve C) is a curve of Darboux if and only if at each of its points the R,- 
correspondent of the tangent to Cy coincides with this tangent; 

(ii) A curve Cy is a curve of Segre if and only if at each of its points the 
tangent to C) and its R,-correspondent are conjugate tangents of S; 

(iii) A curve C\ is a curve of Segre if and only if for a general point x of C\ 
the limit of W as X tends to x along C\ is a point JW» distinct from x. The point 
W, is the intersection of the directrix of the first kind of Wilezynski with the 
tangent at x to the corresponding curve C, of Darboux. 

The correspondent whose definition results from that of the R,-correspondent 
upon the removal of the restriction that the asymptotic net be parametric will 
hereafter be called the R,-correspondent. This paper is concerned largely with 
the study of this correspondent and of a dual correspondent which will be called 
the Rx-correspondent. In chapter I the study is from the point of view of 
projective differential geometry. The determination of the R,- correspondent 
for a general parametric net leads naturally to projective definitions of a number 
of interesting nets as well as of a rectilinear congruence covariantly determined 
with respect to the parametric net. Among the nets thus determined are the 
R,-net, the principal-associate net of the parametric net and the associate con- 
jugate net of the parametric net. In Chapter II euclidean geometric charac- 
terizations of the R,- and Rx-correspondents are first obtained. These charac- 
terizations form the basis for the formulation of dual theories in euclidean 
differential geometry of nets. A unique parametric net is discovered which is 
such that every associated R)-net is orthogonal. This net consists of curves 


1P. O. Bell, Bull. Am. Math. Soc. 47, 1941, pp. 509-511. For a detailed study of the 
R,-correspondent and of associated R,-derived curves for the case in which the asymptotic 
curves are parametric see Trans. Am. Math. Soc. 46. 
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whose normal curvatures at a point are equal to the mean of the principal normal 
curvatures at the point. We call these curves the lines of mean curvature of S. 
The dual of this net is the unique conjugate parametric net which is such that 
every associated Ry-net is conjugate. This net is the mean conjugate net and 
consists of those curves of S whose radii of normal curvature at a point x are 
equal to the mean of the principal radii of normal curvature at the point. Finally 
euclidean characterizations are obtained for the curves of Segre and the curves 
of Darboux and simple new determinations are given for the lines of curvature. 


I. ProsectivE DIFFERENTIAL GEOMETRY 


1. The F)-correspondent 


Let the homogeneous coordinates of a general point x of an analytic surface 
S and of a corresponding point z not in the tangent plane to S at x be functions 
z' and z' (i = 1, 2, 3, 4), of two independent variables wu’, u*. The pairs of func- 
tions (x, z) are solutions of a system of differential equations of the form’ 


ox k Ox 
(1.1) 
b; aut + + (t,j,& = 1, 2), 


whose coefficients are functions of u', u’ which satisfy certain integrability con- 
ditions. The usual summation convention of tensor analysis is employed 
throughout this paper. 

The asymptotic curves are the integral curves of the differential equation 


(1.2) d;,du‘du’ = 0. 


An arbitrary one parameter family F, of curves is defined by the curvilinear 
equation 


(1.3) du” — rdw’ = 0, 


where is an arbitrary function of u’, uv’. Let C, denote the curve of the family 
which passes through the point x. The curvilinear coordinates of a general 
point on a curve of S may be represented by the functions u' = u'(t), (¢ = 1, 2), 
of a parameter ¢. If this curve passes through zx it will be the curve C) if for a 
general value of ¢ 
dv’ /du' 
dt/ dt’ 

Let us determine the direction of the R,-correspondent as defined in the 
Introduction for a general non-asymptotic parametric net. The curvilinear 
coordinates of the point X are given by u'(t + At), w(t + At). The points 


(1.4) 


2 Cf. E. P. Lane, Projective Differential Geometry of Curves and Surfaces (hereafter re- 
ferred to as P. D. G.), University of Chicago Press, 1932, p. 183, equations (35). 
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U' and are given by (¢ + Ad), u’) and (u', + At)). The 


general homogeneous coordinates of the points U' are consequently functions of 
t, and may be represented by the development 


dx du’ ox | dx 


dt dt dt? du’ dé’ 


wherein f; , (i, 7 = 1, 2), represent functions of u', u* which for our purposes do 
not require explicit determination, and where 7 is not summed. 

By differentiating equations (1.1) we find that the coefficient of z in the ex- 


x is 
Ou 


for the homogeneous coordinates of the point U’ is, therefore dj; (=) (At)?/2 + 


at) /6+ +--+, wherein w; = + die: t+ + ( 


The point W has homogeneous coordinates which may be obtained by forming 
a linear combination of those of U' and U’ which contains no z term. Sucha 
combination is 


(3m (“ 4 at) y' — (3an(“") At 


Expanding this, we obtain the expression 


+ terms of order (At)’ 
for the homogeneous coordinates of the point W. Therefore, if the parametric 
curves are not asymptotic curves, the direction of the R,-correspondent of the 
tangent to C, at x is defined by 
(1.7) du?/du' = 

Let C w denote the curve described by the point W as At varies. The expres- 


sion (1.6) for the coordinates of W shows that if the parametric net is not the 
asymptotic net and the curve C is not an integral curve of the equation 


(1.8) dy(du')’ — dx(du’)? = 0 


pression for . + die; + dj;(j;). The coefficient of z in the expression 


3P. O. Bell, loc. cit. 
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then the Ry-correspondent of the tangent to C) at x is tangent at x to the corresponding 
curve C w, that is to say, the point x is the limit of W as At tends to zero. 

If Cy is an integral curve of (1.8), the limit of W as At tends to zero is a point 
W,, distinct from x, whose homogeneous coordinates are given by 


du’ du du’ dx du'\’ du’ dx 


2 1\2 
wherein do» ) =dy (=) . If we evaluate (1.9) explicitly for the directions 


} = +(du/d»)', we obtain, except for unessential factors 
3 ox (? log (di: d32)' dij(1 


dul dy 


These two points Wo determine a line which will be called the w-line associated with 
the parametric net at x. 

For the parametric asymptotic net since dy, = d2 = 0 and dy, ¥ 0, the direc- 
tions of the R,-correspondent of the tangent to C) at x is determined by the terms 
of order (At)’ in (1.6). This direction, which is defined by 


(1.11) du?/dub = — 


has been studied on previous occasions’ from a projective standpoint. 

For an arbitrarily selected parametric net there exists in correspondence with 
any one parameter family of curves F, of S a family of curves Fj characterized 
by the property that at a general point x of S the tangent to the curve Cj through 
zis the R,-correspondent of the tangent to C, atx. The family Fj , thus defined 
in association with a family F, and a given parametric net, will be called the 
family of R,-derived curves. If the parametric net is not the asymptotic net, 
equation (1.7), with u', uw’ allowed to vary, defines the family of R)-derived 
curves. If, however, the asymptotic net is parametric, equation (1.11) defines 
the family of R,-derived curves. The net which consists of the family F, and 
the family of R,-derived curves will be called the R)-net. 


2. Associate nets of a parametric net 


The correspondence defined by (1.7), between the direction of the tangent 
to C, at x and its R,-correspondent is an involution. At a point z of S, the 
double elements of this involution are the solutions of the equation 


(2.1) d;(du')’ = 0. 


The net of integral curves of this equation will be called the principal associate 
net of the parametric net. Since the directions at x of the curves of this net are 
double elements of the involution (1.7), we have immediately 
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THEOREM (2.1) Ata general point x of S the tangents of the principal associate 
net of the parametric net are harmonic conjugates with respect to the tangent at x to 
an arbitrary curve Cy through x and the R)-correspondent of this tangent. 

If diz = 0, the integral curves of (2.1) are the asymptotic curves of S. Hence 
we have 

THEOREM (2.2) The asymptotic net is the principal associate net of an arbitrary 
conjugate parametric net. 

The unique conjugate net whose tangents at a general point x separate har- 
monically the tangents at x to the parametric curves is called the associate con- 
jugate net of the parametric net. The differential equation of this net is equation 
(1.8). Hence we have 

THEOREM (2.3) The associate conjugate net of a parametric net consists of 
those curves, a general one Cy of which has the property that, the limit of the point 
W as X tends toward x along Cy is a point Wo distinct from x. The two points Wy 
which correspond to the two curves of the net which pass through x determine the 
w-line of the parametric net at x. 

The necessary and sufficient condition that the tangent to C, at x and its 
R,-correspondent be conjugate tangents is that the harmonic invariant of the 
two forms 


d;du'du? and + (ded? — du)du'du? — dx(du’) 
vanish; that is i 
(2.2) — dx) = 0. 


If dy = 0, equation (2.2) is satisfied independently of A. Hence we have that 

THEOREM (2.4) Every Ry-net derived in association with an arbitrary conju- 
gate parametric net is a conjugate net. 

The equation dx2d” — dy = 0 is not only the equation for the directions at x 
of the curves of the associate conjugate net of the parametric net, but it is 
the necessary and sufficient condition that the tangents at x of the R,-net sepa- 
rate harmonically the tangents to the parametric net. Hence we have 

THEOREM (2.5) Corresponding to a non-asymptotic parametric net there is 4 
unique R)-net whose tangents at a general point x separate harmonically the tan- 
gents to the parametric curves at the point. This R-net is the associate conjugate 
net of the parametric net. 

If C, is an asymptotic curve of S it is clear from equation (1.2) that the 
direction of the other asymptotic curve at a general point x of Cy is given by 
du? dy 
du! 

TuEeorEM (2.6) The tangents at x to the parametric curves of S separate har- 
monically the R)-correspondent of the tangent at x to an asymptotic curve C, and the 
tangent to the other asymptotic curve at x. 

The harmonic conjugate of the tangent at x to an arbitrary curve C, of S 
with respect to the tangents at x to the curves of any selected parametric net 
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may be geometrically characterized in the following simple manner. Let x 
and X denote two points on a curve C, of S, and let U' and U” denote the 
points of intersection of the parametric u'- and u’-curves passing through x 
with the parametric u’- and u'-curves passing through X. The limit of the line 
joining U' and U* as X approaches x along C) is the harmonic conjugate of the 
tangent to Cy at x with respect to the tangents at x to the parametric curves of S. 
The validity of the above construction may be proved as follows. The 
curvilinear coordinates of the points U’ and U’ are a, u’ and w’, a, respectively, 
wherein w(t) = u(t + At), W(t) = w(t + At). The coordinates u’, @ of U? 
may be defined in terms of those of U* by the relations u'(t) = a'(¢ — Ad), 
r(t) = mj + Kee Except for terms of order (At)’ these coordinates are 


i} — du’ At. Hence, the direction of the limit of the line joining 


zi 
du _ dw’ du’ 
as At tends to zero is given by In view of the 
cross ratio equation (0, ©, A, —A) = —1 the proof is complete. 


As an important special case of the above construction we have 
THEOREM (2.7) If the asymptotic net is parametric, the limit of the line joining 
U', U’ as X tends to x along C\ is the conjugate of the tangent to C) at x. 


II. AppLicaTions TO EvcLipEAN DIFFERENTIAL GEOMETRY 


3. Euclidean duality 


In this section the groundwork will be laid for the development of dual 
theories in euclidean differential geometry of surfaces. The necessary geo- 
metric characterizations will be made to secure a purely geometric basis for 
these theories. 

Let x denote a vector from the origin to a point on the surface whose coordi- 
nates are x'(u", u’), (¢ = 1, 2,3). The homogeneous coordinates 2’, 2°, 2°, 1 
are specialized projective coordinates which can be obtained by selecting the 
three cartesian coordinate planes and the plane at infinity as the faces of the 
tetrahedron of reference, and by choosing the unit point so that the coordinates 
z', (« = 1, 2, 3), are measured with respect to equal units on the three orthog- 
onal axes. Let 2’, (i = 1, 2, 3), denote the direction cosines of the normal to 
Sat x and let z denote the point whose coordinates are z’, (¢ = 1, 2, 3, 4) wherein 

= (0. The pairs of functions (x, z) are solutions of a system of differential 
equations of the form (1.1), wherein 


(3.1) = {83} 
= (girdix — gurdi;)/g, 


wherein (i, j, k, r = 1, 2), with r ¥ 7, k ¥ j, in which g;; and dis are the coeffi- 
cients of the first and vesanil fundamental forms, respectively, {,*;} are the Chris- 
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toffel symbols of the sedond kind for the first fundamental form of the surface, 
and g denotes the determinant of the quantities g;; . 

Two fundamental limits which will be called the first and second ratios of a 
curve C) at a point x will now be introduced. Let (y — x)” denote the square of 
the length of the vector from x to y. The quantity 


(3.2) p = lim — /(U' — 2)’ 


will be called the first ratio of Cy at x. . Let (y — x | z) denote the scalar product 
of the unit normal z and the vector from x to y. The quantity 


(3.3) lim — 2x\z)/(U' — 


will be called the second ratio of Cy at x. 
The first ratio of C) at x is, clearly, given by 
(3.4) p = gx d’/gu 


whenever the parametric net is not the minimal net. 
If the minimal net is parametric, the differential equations of the surface 
take the form 


ax d(log ax 

dui -(? dui due, du? diz, 
Oz 
aul = 2 dui +d 1, 2), 


Making use of these equations together with the expansions (1.5) (¢ = 1, 2), 
we obtain 
i 0 d 
= (= At + + (-a (At)’/6g12 + 
(3.6) 


Forming the scalar squares of the right member of (3.6) and simplifying, by 
making use of the relations 


dx \’ dx _ 
(5) = 0, (¢ = 1, 2), (35 | 5) = gi, we find 


(Ui — 2)? = a) / 


wherein — du! =. Consequently, if the minimal net is parametric 


dt 
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If the parametric net is not the asymptotic net, it is clear that the second 
ratio of C\ at x is given by 


If the asymptotic net is parametric, the coefficients of the differential equa- 
tions of S have the form (1.1) with du = d2 = 0 and dy» ~ 0. In the presence 
of these conditions the principal parts of the coefficients of z in the expansions 


1 3 2 3 
(1.5) for i = 1, 2 are seen to be {11} dis (= at) /6 and {o's} dy = a‘) /6 


respectively. Therefore, if the asymptotic net is parametric, the second ratio of 
(, at x ts given by 


(3.10) o = 
The net Nx derived from a family F, by the relation 
(3.11) pu’, u’) = 1/p(u’, u’), 


wherein f and p are the first ratios of the curves Cj and C, , respectively, con- 
sists of the integral curves of the differential equation 

(3.12) (du*/du‘)’ = 

The directions at x of the curves of Nx which pass through x, clearly separate har- 
monically the directions at x of the parametric curves. These directions are 

(3.13) du?/du’ = —gu/gx, du’/du’ = gu/gz2d. 


It is clear that if the parametric net is orthogonal, these are the directions of the 
tangents of S which bisect the angle formed by the tangents at x of the parametric 
curves. The first equation of (3.13) can be obtained from equation (1.7) by 
replacing di; and dx» by gu and gs. , respectively. The tangent whose direction 
is defined by this equation will be called the Rx-correspondent of the tangent to 
Cy at x. 

Analogously, the net Ny, derived from the family F, by the relation 


(3.14) oi(u', = 1/o(u', uw’), 


wherein o; and o are the second ratios of the curves C,, , and C, , respectively, 
consists of the integral curves of the differential equation 


(3.15) (du?/du’)? = 


The directions at x of the curves of Ny, which pass through x separate harmonically 
the directions at x of the parametric curves. These directions are given by 


(3.16) du?/du' = —dy/d»d,  du’/du* = diu/ded. 


The first of these is the direction of the R,-correspondent of the tangent to Cy 
at 


= | 
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Dual theories will be formulated in which the R, and Ry-correspondents play 
fundamental roles. One of these theories may be obtained from the other by 
making use of the substitution 


(3.17) T = ). (i,j = 1,2), 

In these theories the geometric entities of the following pairs are the duals of 
each other: the asymptotic net and the minimal net, an arbitrary conjugate net 
and a corresponding orthogonal net, the normal curvature for a direction at a 
point and the radius of normal curvature for the direction, the Ryx- and the 
R-correspondents of the tangent to at x. 

We present a simple euclidean geometric characterization for each of the Ry- 
and R,-correspondents of a tangent to C, at x. These characterizations are 
suggested by the forms of the two equations 


du’/du’ = and du’/du' = —du/ded. 


Describe along the u’-curve through z, the ares Uj and xU> of lengths equal 
to that of the are xU’, and let xU; denote the one of these ares described in 
the sense of the are eU'. Describe along the u’-curve through 2, in the sense 
of the are xU’, the are «Uj of length equal to that of the are zU'. The w'- 
curve through Uj intersects the u *-curves through U; and U} in the points 
which we denote by X and X, respectively. As X tends to x along C\ the 
points X and X; tend to x along curves whose directions at x are given by the 
first and second equations of (3.13), respectively. Thus the limit of the line 
joining x, X as X tends to x along C\ is the Rx-correspondent of the tangent to 
Ci at x. 

Let Uj , U2 denote the points on the u'-curve through x at distances from the 
tangent plane to S at x numerically equal to that from the plane to the point 
U*, and let the arc xU; be described in the sense of the are xU'. Describe 
along the u’-curve through x, in the sense of the are xU’, the are xUj{ whose 
endpoint Uj is at a distance from the tangent plant to S at x equal to that from 
the plane to the point U ‘The u?-curves through Uj and U3 intersect the 
u'-curve through Uj in the points which we denote by X; and X> , respectively. 
As X tends to x along C) , the points X; , X2 tend to x along curves whose direc- 
tions at x are given by (3.16). The R-correspondent of the tangent to Cy at x is 
the limit of the line xX» or the limit of the line xX according as the points U’, U’ 
are on the same side or opposite sides of the tangent plane to S at x. 

We are in a position now to state metric (euclidean) definitions and theorems 
which are the duals of the projective definitions and theorems of Chapter I. 
The dual of the principal associate net of a parametric net is the net whose 
directions at x are the double elements of the involution } = —gi/g2A. This 
net will be called the metric associate net of the parametric net. The dual of 
Theorem (2.1) is 

THEOREM (3.1) Af a general point x of S the tangent to an arbitrary curve Cy 
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through x and the RX -correspondent of this tangent are harmonic conjugates with 
respect to the tangents of the metric associate net of the parametric net. 

The dual of Theorem (2.2) is 

THEOREM (3.2) The net of minimal curves is the metric associate net of an 
arbitrary orthogonal parametric net. 

The dual of the associate conjugate net of a parametric net will be called the 
associate orthogonal net of the parametric net. This net is, clearly, the unique 
orthogonal net whose tangents at x separate harmonically the tangents of the para- 
metric curves. Hence, the tangents at x of the associate orthogonal net of the para- 
metric net bisect the angle formed by the tangents at x of the parametric curves. 

The dual of the R,-net will be called the Ry-net. The tangents of this net 
at a point « are the tangent to C, at « and the Ry -correspondent of this tangent. 
The duals of Theorems (2.4), (2.5), (2.6) and (2.7) may now be stated as follows: 

TuEorEM (3.3) Every Rx-net derived in association with an arbitrary orthog- 
onal parametric net is an orthogonal net. 

THEOREM (3.4) Corresponding to a parametric net which does not consist of 
minimal curves there is a unique Rx-net whose tangenis at a general point x sepa- 
rate harmonically the tangents to the parametric curves at the point. This Rx-net 
is the associate orthogonal net of the parametric net. 

THEOREM (3.5) The tangents at x to the parametric curves separate harmonically 
the RX-correspondent of the tangent at x to a minimal curve C, and the tangent to 
the other minimal curve at x. 

THEOREM (3.6) If the minimal net is parametric, the limit of the line joining 
U', U* as X tends to x along C, is perpendicular to the tangent to Cy at x. 


4. Euclidean characterizations of projectively defined nets and their duals 
by values of the first and second ratios 


If a parametric net does not consist of asymptotic curves, the equations of its 
principal associate net and its associate conjugate net are di(du')” + d»(du’)’ = 0 
and dy(du’)? — d2(du*)? = 0, respectively. For such a parametric net the 
second ratio of a curve C, at x is given by ¢ = dmd’/dy. Hence we have im- 
mediately 

THreorEM (4.1) Jf a parametric net is not the asymptotic net, its principal 
associate net and its associate conjugate net are such that at a general point x the 
second ratios of the curves of these nets are equal to —1 and +1, respectively. 

Dually, we have 

THEOREM (4.2) If a parametric net is not the minimal net, its metric associate 
net and its associate orthogonal net are such that at a general point x the first ratios 
of the curves of these nets are equal to —1 and +1, respectively. 


5. The lines of curvature; euclidean characterizations of the curves of 
Segre and Darboux 


On an unspecialized surface there exists an infinite class of nets each of which 
has the property that, relative to this net as parametric the equation 
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is satisfied independently of \ at a general point x of S.A net of this class wil] 
be called a duametrie net. The necessary and sufficient condition that 
parametric net which is not the asymptotic net nor the minimal net be a dua- 
metric net is found, by equating the right members of (3.4) and (3.9), to be 


Referred to an arbitrary parametric net, the lines of curvature are the integral 
curves of the equation 


(5.3) (giid2; — = 0, (t, = 1, 2). 


If the parametric net is a duametric net and the lines of curvature form a deter- 
minate net on S, equation (5.3) may be expressed in either of the forms 


(5.4) gu(du')” — = 0, — = 0. 


The forms of equations (5.3) and (5.4) are such that we have immediately 

THEOREM (5.1) The associate orthogonal net of an arbitrary duametric net is 
the same as its dual, the associate conjugate net. This self dual net is the net of 
lines of curvature. Along any line of curvature p = o = 1. 

Since the definition of a duametric net is self dual, the dual of a duametric net 
is a duametric net. We shall reserve for special study in §(6) a particularly 
important pair of dual duametric nets. 

If the minimal curves are parametric, the first ratio of Cy at x is defined by 
(3.8). The curves characterized by putting p = 1 are the integral curves of the 
equation 


(5.5) — = 0. 


Equation (5.3) reduces to dxx(du’)’ = du(du')’ on putting gu = gx = 0, ge ¥ 0. 
Hence the curves (5.5) consist of the lines of curvature and the integral curves 
of the equation 


(5.6) + dy (du’)? = 0. 


The curves (5.6) may be shown to form the orthogonal net whose tangents at a 
general point x bisect the angles formed by the tangents to the lines of curvature 
at x. For reasons which will appear in §(6) the curves of this net will be called 
the lines of mean curvature. Thus we have 

TuHroreM (5.2) If the minimal curves are parametric, there are two nets which 
are such that at a general point x of S the first ratios of the curves of these nets are 
equal to1. These nets consist of the lines of mean curvature and the lines of cur- 
vature of S. 

Similarly we obtain 

TuroreM (5.3) If the asymptotic curves are parametric, a curve of S is a line 
of curvature if and only if at each of its points its first ratio is equal to 1. 

The dual of this theorem is 

Turorem (5.4) If the minimal curves are parametric, a curve is a line of 
curvature if and only if at each of its points its second ratio is equal to 1. 
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The curves of Segre and of Darboux are known to be the integral curves of 
the equations 


(5.7) (2'2)(du*)* — = 0, (du”)® + (°)(du’)® = 0 


respectively, when the asymptotic curves are parametric. When the system 
of coordinates for x is cartesian (2's) = {2's} and (171) = {171}. Hence we have 
immediately 

THEOREM (5.5) If the asymptotic curves are parametric, a curve of S is a curve 
of Segre or is a curve of Darboux according as its second ratio at each of its points 
is equal to 1 or —1, respectively. 


6. The orthogonal F)-net; the lines of mean curvature and the mean 
conjugate curves 


If the parametric net is an arbitrarily selected non-asymptotic net, the 
differential equation of the R,-net is 


(6.1) dyd(du')? + (ded? — dy)du'du® — dxd(du’)? = 0. 


The necessary and sufficient condition that this net be orthogonal is that the 
harmonic invariant of the two forms 


gidu'du’, (i,7 = 1,2) and dyd(du')? + (ded? — dy)du'du? — dxd(du’)? 
vanish, that is 
(6.2) dugie + (digee — — = (0, 


Thus there are in general two families F, for which the R)-net is orthogonal. 
However, we observe that both of these families belong to the same R,-net. 
Hence we have 

THEOREM (6.1) Corresponding to a non-asymptotic parametric net there is, 
in general, a unique orthogonal R)-net. 

Equations (6.2) may be regarded as the differential equation of this net. 

However, there is a unique parametric net which, in marked contrast witha 
general parametric net, is such that every associated 2,-net will be orthogonal. 
Equation (6.2) shows that this case occurs only if 


(6.3) = 0, = 0. 


This parametric net is clearly the duametric net which is orthogonal. Thus the 
directions at x of the curves of this net are those perpendicular directions which 
separate harmonically the principal directions at x. Hence these directions 
bisect the angles formed by the principal directions. The associated normal 
curvatures for the directions are, therefore, equal. These normal curvatures 
are, Moreover, equal to the mean of the principal normal curvatures since the 
sum of the normal curvatures in any two perpendicular directions is equal to the 
sum of the principal normal curvatures at the point. In view of this property 
we shall call the curves of this orthogonal duametric net the lines of mean curva- 
ture. We state now 
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THEOREM (6.2) The unique parametric net which is such that every associated 
Ry-net is orthogonal is the orthogonal duametric net. The curves of this net are the 
lines of mean curvature. 

The equation for the net of lines of mean curvature when referred to an arbi- 
trary parametric net, may be found by equating the right members of 


1/r d; du‘du’/g; du'du’, (7,7 = I, 2), 
(l/r, + 1/re)/2 = + — 2912012) /2g 


wherein 7 is the radius of normal curvature of the direction du’/du’ and r,, 7 
are the principal radii of normal curvature. The equation reduces to 


(6.5) (guB — g2A)(du')’ + — gx2A)du'du? + (gC — = 0, 
wherein A, B, C are the coefficients 
(6.6) A = 2(gudw — gird), B = gudx — , C = 2Gr2d22 — good) 


of equation (5.3) for the lines of curvature. 

If B = 0 and gy» ¥ 0, an arbitrary non-orthogonal duametric net is para- 
metric. For such a choice of a parametric net equations (6.2) and (5.3) both 
reduce to dy(du')’ = dz(du’)*. Hence we have 

THEOREM (6.3) The orthogonal R,-net derived in association with an arbitrary 
non-orthogonal duametric*net consists of the lines of curvature of S. 

If the parametric net is not duametric, we find that the necessary and suffi- 
cient conditions that the orthogonal -net consist of the lines of curvature are 


(6.7) gudis = gud» = 0. 


Hence we have 

TuHeoreEM (6.4) If the parametric net is either the minimal net or a conjugate 
net and is not duametric, the associated orthogonal R,-net consists of the lines of 
curvature of S. 

The curves characterized by the properties which are the duals of those of the 
lines of mean curvature are found to be the mean conjugate curves. We recall 
that the mean conjugate curves are those for whose directions at a general point 
the radii of normal curvatures are equal to the mean of the principal radii of 
normal curvature at the point. The differential equation of the mean conjugate 
net is found to be 


(6.8) (duB — dwA)(du')? + (duC — dxA)du'dw? + — dxB)(du’)’ = 0, 


wherein A, B, C are defined by (6.6). Since the net of lines of mean curvature 
is a duametric net, the mean conjugate net is likewise a duametric net. The 
mean conjugate net is parametric if and only if the equations 


(6.9) dy = 0, = 0, 
are satisfied identically. The duals of Theorems (6.1) to (6.4) follow: 
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THEOREM (6.5) Corresponding to a non-minimal parametric net there is in 
general, a unique conjugate Rx -net. 

THEOREM (6.6) The unique parametric net which is such that every associated 
Ry-net is conjugate is the conjugate duametric net, known heretofore as the mean 
conjugate net. 

TuEoREM (6.7) The conjugate Ry-net derived in association with an arbitrary 
non-conjugate duametric net consists of the lines of curvature of S. 

THEOREM (6.8) If the parametric net is either the asymptotic net or an orthog- 
onal net, the associated conjugate Rx-net consists of the lines of curvature of S. 


7. The curvatures at x of the intersection of the surface S with its tangent 
plane at x 

Ox Ox 

dul’ du? 

be the vertices of a local triangle of reference at x, with a unit point chosen so that 

any point whose general coordinates are given by an expression of the form 


Ox 

shall have local coordinates 2, x2, x3. Let us introduce non-homogeneous 
coordinates by the definitions 


(7.1) = = %3/%. 


The intersection of S with its tangent plane at an ordinary point z is a curve 
( which has a node at x, the nodal tangents being the asymptotic tangents of S 
atz. Ina neighborhood of x the equation for the branch of C which is tangent 
to the u'-tangent is given by the power series development* 


Let the asymptotic curves of S be parametric and let the points 2, 


wit + + 
ou 


(7.2) n= ()(E/3 — + -- 
2 
wherein g = (11) + er . Similarly, we have along the branch of C which 
is tangent to the u’-tangent the development 
(7.3) = /3 — + 
1 
wherein = (22) + 


Let the coordinates x be the homogeneous cartesian coordinates 2 , %2 , 23, 1. 


Then ‘i (i,j, k = 1, 2), are defined by (3.1). Since 2, = 1, the points pad 


and 2 i are the points at infinity on the u’- and u’-tangents of S at x. Let us 
alter the unit point so that new _— coordinates . #) are measured with respect 


to equal units on the axes. Since — (gu)* and — (gz2)' are unit vectors in 


‘Cf. P. D. G. page 73. 
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the directions of the u’- and u’-tangents to S at x, we must have the identity 


Ox Ox Ox Ox 


du! 


(7.4) z+é 


Hence, we have the relations 


(7.5) E/gu)', 1 = 
In terms of £, 7 equations (7.2) and (7.3) take the respective forms 
(7.6) = {11} + 
(7.7) E = + 


With respect to this oblique coordinate system defined by (7.5) the equation 
of a circle whose center is the point (h, k) and whose radius is r is found to be 


(7.8)  — + (a — ky? + 2 — h)(H — = 


Demanding that this equation be satisfied by the series (7.6) identically in & 
as far as the terms of the second degree, we obtain the conditions that the 
circle (7.8) osculate at x the branch of C which is tangent to the w'-tangent at x 


(7.9) h = & = = 


The substitution 
l= gJi2 on h 
gx gu {eo} k F 


transforms equation (7.2) into equation (7.3) and equation (7.8) with h, k, r 
defined by (7.9) into an equation of form (7.8) with k, h, r defined by 


(7.10) = = 
= 


Hence, the circle (7.8) with h, k, r defined by (7.10) osculates at x the branch of C 


which is tangent to the u’-tangent at x. 
The equation of the radical axis of the two circles which osculate C at x is 


readily found to be 
(7.11) {1's} — = 0. 
In terms of the original local coordinates £, 7 this equation is 
(7.12) — {2'}gun = 0. 
The direction of this line is given by 
n/€ = 
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The direction of the R)-correspondent of the tangent at x in either principal 
direction is given by , 


= —ge{1s}/gu {e's} 


Hence we have 

THEOREM (7.1) If the asymptotic curves are the parametric curves of S, the 
R,-correspondent of the tangent at x in either principal direction and the radical 
axis of the osculating circles of C at x are conjugate tangents. 

On observing the forms (3.4) and (3.10) for the first and second ratios of a 
curve C, at x we find that the only non-asymptotic direction \ for which these 
ratios are equal is that defined by 


7.13) {e's}. 


Hence we have 

THEOREM (7.2) Jf a curve Cy is not tangent to an asymptotic curve at x, its 
tangent line at x is the radical axis of the osculating circles of C at x if and only if 
first and second ratios of Cy at x are equal. 

Let KiK, denote the curvatures of the circles which osculate at x the branches 
of C which are tangent to the u'- and u’-tangents respectively. These curva- 
tures will be called the curvatures of tangential section of S at x. We have in 
view of (7.9) and (7.10) 


(7.14) Ky = = 


wherein g° = (guge — giz)’ and e; = +1, ¢ = +1, the signs of e and e: being 
chosen so that K, and K2 are positive. These curvatures are equal if and only if 


with e = +1 the sign being selected so that the right member is positive. The 
left member of (7.15) is a principal direction and the right member is a direction 
of Segre or a direction of Darboux according as e is +1 or —1 respectively. 
Substituting in (7.13) the expression obtained for g22/gi from (7.15), we find 
that (7.13) becomes 


(7.16) 


Thus we find that under conditions (7.15) the direction defined by (7.13) is a 
direction of Segre and also, in consequence of (7.15), a principal direction. 
Moreover, if the direction defined by (7.13) is a direction of Segre, equations 
(7.15) follow. We may therefore state 

THEOREM (7.3) The necessary and sufficient condition that the curvatures of 
tangential section of S at x be equal is that the direction of the radical axis of the 
osculating circles of C at x be a direction of Segre. The condition is, moreover, 
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necessary and sufficient that this direction of Segre — its conjugate direction of 
Darboux be principal directions at x. 
In view of Theorems (5.3), (5.5) and (7.3) we state in conclusion 
Corouiary (7.4) If the asymptotic curves are parametric, the one parameter 
family Fy of curves enveloped by the radical axis of the osculating circles of C at x 
as x varies over S has the property that the first and second ratios of Cy at x are both 
equal to 1 if and only if the curvatures of tangential section of S at x are equal. 


PRINCETON UNIVERSITY 
UNIVERSITY OF KANSAS 


ANNALS O 
Vol. 44, N 


In tl 
the ger 
of muti 
unexpe 
notion 
make s 
of 


The 
that ev 
maximé 
cardina 

By a 
gether 
differen 
among 
if no set 
section. 

A sin 
ie. for 
union X 
an espe 
ring of ¢ 

It tur 
it is neg 
we must 
the aritl 

We sk 
A ecard: 
numbers 
can be « 
than n. 


1 For t 
paper, se 
number ¢ 
For the ¢ 
algebras, 
Topologie 


er 


th 


ANNALS OF MATHEMATICS 
Vol. 44, No. 2, April, 1943 


ON FAMILIES OF MUTUALLY EXCLUSIVE SETS 


By P. Erpés anp A. Tarski 
(Received August 11, 1942) 


In this paper we shall be concerned with a certain particular problem from 
the general theory of sets, namely with the problem of the existence of families 
of mutually exclusive sets with a maximal power. It will turn out—in a rather 
unexpected way—that the solution of these problems essentially involves the 
notion of the so-called ‘inaccessible numbers.” In this connection we shall 
make some general remarks regarding inaccessible numbers in the last section 
of our paper. 


§1. FORMULATION OF THE PROBLEM. TERMINOLOGY! 


The problem in which we are interested can be stated as follows: Is it true 
that every field § of sets contains a family of mutually exclusive sets with a 
maximal power, i.e. a family G whose cardinal number is not smaller than the 
cardinal number of any other family of mutually exclusive sets contained in %. 

By a field of sets we understand here as usual a family § of sets which to- 
gether with every two sets X and Y contains also their union X U Y and their 
difference X — Y (i.e. the set of those elements of X which do not belong to Y) 
among its elements. A family @ is called a family of mutually exclusive sets 
if no set X of G is empty and if any two different sets of @ have an empty inter- 
section. 

A similar problem can be formulated for other families e.g. for rings of sets, 
ie. for families which together with any two sets XY and Y also contain their 
union X U Y and their intersection X MN Y among their elements. We obtain 
an especially interesting particular case of this problem by referring it to the 
ring of open sets of a topological space S with power 2*°. 

It turns out that the solution of our problem is in general positive; however 
it is negative in certain exceptional cases. To examine the problem thoroughly 
we must first subject it to a certain transformation by using some notions from 
the arithmetic of cardinal numbers. 

We shall denote the cardinal number (or power) of a set S by c(S). 

A cardinal number n is called a limit number if n # 0 and if among the cardinal 
numbers r < n there is no largest one. The number n is called singular if it 
can be expressed as a sum of less than n numbers m, each of which is smaller 
than n. 


1 For the concepts and results of the general theory of sets, which are applied in this 
paper, see Hausdorff, Mengenlehre: however as regards the concept of an inaccessible 
number cf. Tarski, Uber unerreichbare Kardinalzahlen, Fund. Math. Vol. 30 (1938) p. 68-89. 
For the concepts and results from the theory of partially ordered sets, lattices, Boolean 
algebras, etc., see G. Birkhoff, Lattice theory. For topological concepts see Kuratowski, 
Topologie I. 
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If such a representation is impossible the number 1 is called regular. Regular 
limit numbers are also referred to as “inaccessible” or “weakly inaccessible” 
numbers. 

As is well known, every limit number is an infinite number, and every singular 
infinite number is a limit number. The problem of the existence of regular 
limit numbers > Np is thus far unsolved, and presumably will never be solved 
on the basis of the axiom systems upon which the general theory of sets is con- 
structed at present. At any rate the existence of the numbers in question can- 
not be derived from these axiom systems provided they are consistent; on the 
other hand it seems highly improbable that these systems cease to be consistent 
if we enrich them by adding new existential axioms which secure the existence 
of the inaccessible numbers. 

& being a family of sets let us denote by d(%) the smallest cardinal number 
which is >c(G) for every family G of mutually exclusive sets contained in F. 
If d(§) is not a limit number, the family F obviously contains a subfamily © of 
mutually exclusive sets with a maximal power. Thus our problem reduces 
now to the following one: 

n being a limit number is it true that for every field (or ring) of sets we have 
n? 

We shall show that the solution of this problem depends on the properties of 
the number n: the answer is affimative if n either = No or is a regular number 
(Theorem 1), is negative only for the hypothetical regular limit numbers > No 
(Theorem 2). If in particular the problem is applied to the ring of all open sets 
of a topological space’ with c(S) = 2®°, then its positive solution proves to be 
equivalent with the statement that there is no inaccessible number > No and 
< 2° (Corollary 3). 

In order to formulate the positive part of our result in as general form as 
possible, we shall use the terminology of partially ordered sets. 

Let S be an arbitrary set which is partially ordered by the binary relation S. 
If x is an element of S, we write S(x) to denote the partially ordered set of 
all elements y e S which are S x. The symbol A will denote a null element 
of S, i.e. an element x such that x < y for every ye S. Two elements y and z 
of S are called disjoint if y # A, z# A and if for every x «S the formulas 
x < yandzx < zimply x = A. We do not here assume that the partially or- 
dered set necessarily contains a null element. In fact without loss of generality 
we could confine ourselves to the consideration of sets which do not contain such 
elements; and in this case we could simply say that two elements y and z are 
called disjoint if there is no element x such that x S yand~z S z. 

A subset 7 of a partially ordered set S such that every element of T is # A 
and every two different elements of 7 are disjoint is called a set of mutually 


2 By topological spaces we mean here the spaces with the closure operation satisfying the 
axioms I-III of Kuratowski (op. cit. p. 77). However the space which will be constructed 
in the proof of Corollary 2 will also satisfy axiom IV (normality) (pp. 95-101, ibid.). 
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exclusive elements. Again we denote by }(S) the smallest cardinal number 
> c(7) for every T € S of sets of mutually exclusive elements; moreover we 
write for every element x e T 


d(x) = 0(S()) 


In view of this formula } constitutes an example of a function f which corre- 
lates with every element of a partially ordered set a cardinal number f(x). This 
function is obviously increasing, for we have 


d(x) d(y) 


for every two elements x and y such that x < y. Many other examples of this 


kind of increasing functions are also known; e.g. the function c defined for every 
zeS by the formula 


c(x) = e(S(z)). 


Still another example is constituted by the function g defined in the following 
way: for every x e S, g(x) is the smallest cardinal number n such that there is 
a basis B of the set S(x) with power c(B) = n; by a basis we here understand a 
set B € S(x) such that every element of S(x) is the union (the least upper 
bound) of elements of B. To every increasing function f of the kind considered 
there corresponds a certain notion of homogeneity of partially ordered sets. We 
say generally that an element x of a partially ordered set S is homogeneous 
with respect to an increasing function f, which is defined over the set S and 
assumes cardinal numbers as values, or simply that x is f-homogeneous, if x # A 
and if f(x) = f(y) for every element y « S such that y A andy <2. If the 
set S contains a unit element wu i.e. an element x such that y < x for every 
y eS), and if u is f-homogeneous, the whole set S is called f-homogeneous. 


SOLUTION OF THE PROBLEM 


We shall begin with two simple lemmas concerning f-homogeneous elements 

LemMa 1. Let S be a partially ordered set, and f an increasing function which 
correlates with every element x « S a cardinal number f(x). Then for every element 
« # A there exists an f-homogeneous element y S x. 

Proor. Consider all the cardinal numbers f(y) correlated with the elements 
y S x,y A. Among these cardinal numbers there certainly exists a small- 
est, say n (by the well ordering theorem); and it is easily seen that every 
element such that 


y S72, fy =n 


is f-homogeneous. 

Lemma 2. Under the hypothesis of Lemma 1. there exists a set T © S of mu- 
tually exclusive f-homogeneous elements such that no element of S is disjoint with 
all elements of T. 
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Proor. It can be easily shown (e.g. with the help of well ordering) that there 
exists a maximal set 7’ of mutually exclusive f-homogeneous elements of §; 
i.e., a set 7 of mutually exclusive f-homogeneous elements of S which is not 
a proper subset of any other set with the same property. Hence by Lemma | 
it follows that no element of S—whether homogeneous or not—is disjoint with 
every element of 7’, q.e.d. 

As an immediate consequence of Lemma 2 we obtain the following theorem 
which, however, will not be applied in this paper. 

Let B be a Boolean algebra, and f an increasing function which correlates with 
every element x of B a cardinal number f(x). Then every element of B—and, in 
particular, the unit element—can be represented as the union of mutually exclusive 
f-homogeneous elements of B; and therefore B is isomorphic with a direct sum of 
f-homogeneous Boolean algebras. 

The following three lemmas will lead us directly to THEOREM 1, which is one 
of the main results of this paper. 

Lemma 3. If S is a partially ordered set and d(S) is a limit number, then S§ 
contains a d-homogeneous element x with d(x) = d(S). 

Proor. Assume that, on the contrary, S does not contain a d-homogeneous 
element x with d(x) = d(S). By applying Lemma 2 to the function f = d 
we obtain a set 7’ © S of mutually exclusive }-homogeneous elements, with the 
property that no element of S is disjoint with every element of 7. According 
to our assumption we have: 


(1) < d(S) for every element 
moreover, the definition of > implies: 

(2) c(T) < 

Since 0(S) is an infinite cardinal number, we have 

(3) (d(S))* = 0(S); 

hence, by (1) and (2), we obtain: 


We want now to show that in the latter formula ‘<’ may be replaced by ‘=’. 
In fact, consider an arbitrary set U € S of mutually exclusive elements. As 
was mentioned before, no element of U can be disjoint with every element of T. 
Hence (by using the axiom of choice) we can correlate with every element u ¢U 
first an element t, 7’, and then an element v, S such that v, A, vu 
and v, < t,. Let V be the set of all these elements v,. It can easily be seen 
that the correspondence between the elements of U and those of V is one-to-one, 
and that therefore the sets U and V have the same power. If, on the other 
hand, we denote by V, (where ¢ is a given element of 7’) the set of all those 
elements v, which are < t, we see at once that V is the union of all these sets V: ; 
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and that 
c(Vi) < d(t) for every teT. 
Hence 


c(U) = s b(t). 


Since the latter formula holds for every set U € S of mutually exclusive elements, 
we infer from the definition of d that either 


or else is the cardinal number which immediately follows How- 
ever, the second alternative is excluded, d(S) being by hypothesis a limit num- 
ber, and therefore (5) holds. The formulas (4) and (5) give at once: 


(6) = 0(S). 
From (1), (2), (3), and (6) it follows that for every cardinal number r < d(S) 
there exists an element ¢ « 7 such that r < d(¢t). For if we had: 
> 2 d(t) for every teT 
we should have, by (1), (2), and (3), 
2 dW) < = 0(8) 
which obviously contradicts (6). Hence we can easily construct (with the help 


of the well ordering theorem) a well ordered transfinite sequence of elements 
t,t, °*+,t:, +--+ € T of an ordinal type 7 which satisfy the following conditions: 


(7) D(t,) < d(,) for & <& <7, t being a limit ordinal number, 
and 


(8) > d(t;) = (8). 
Consider an arbitrary ordinal number — < 7. By (7) we have 


D(tz) < Dd (te41) 


Hence by virtue of the definition of d, there exists a set Wz © S(t:41) of mutually 
exclusive elements with power: 


(9) c(W:) = d(tz) forevery & < 7. 
Putting 
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we easily see that W is a set of mutually exclusive elements of S, the 
sets Wo, Wi,---, We, --- being mutually exclusive. We have moreover, 
by (8), (9), and (10), 


c(W) = d(S). 


In this way we have arrived at a contradiction; for d(S) is by definition 
> c(X) for every set Y CS of mutually exclusive elements. Thus we must re- 
ject our original supposition, and assume that S has a d-homogeneous element 
x with d(x) = d(S), q.e.d. 

Lemma 4. Jf x is a d-homogeneous element of a partially ordered set S, then 

Proor. Assume d(7) = No. By the definition of d there exist two disjoint 
elements x; and x2 which are S x. Since zx is }-homogeneous, we have further 
d(x2) = No, and therefore there exist two disjoint elements, x2, and 22,2 which 
are S 2 S x. By continuing this procedure indefinitely we obtain (with the 
help of the axiom of choice) an infinite sequence of mutually exclusive elements 
Which are all < 2x; but this clearly contradicts our assump- 
tion. Hence d(x) # No, q.e.d. 

Lemma 5. If x is a d-homogeneous element of a partially ordered set, then d(x) 
ts not a singular limit number. 

Proor. Assume, on the contrary, that d(x) is a singular limit number. Thus 
d(2) can be represented’in the form: 

(11) d(z) = m; 

where C is a certain set of power < d(x), and every number m; is also < D(z). 
Since c(C) < d(x), we can correlate with every element 7 « C an element x; S 2 
in such a way that any two elements z;, and x;, (4; # 7%) are disjoint. The 
element x being })-homogeneous, we have for every element 2; : 


= > ; 


consequently we can correlate with every element x; a set 7; © S(x,) of mutually 
exclusive elements with power ¢(7;) = m;. Hence in view of (11) it is easily 
seen that the set 7 defined by means of the formula 

T= UT; 


is a set of mutually exclusive elements of S(x) with power 


= = 0(z). 


But this is impossible, since d(x) must be by definition > ¢c(7’). Thus we must 
assume that d(x) is not a singular limit number, q.e.d. 

Lemmas 3, 4, and 5 imply directly 

TueoreM 1. If n is either equal to So or is a singular limit number then there 
is no partially ordered set S such that )(S) = n. 
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Remark. Theorem 1 applies directly to various special partially ordered 
sets, e.g., to lattices or Boolean algebras. It can also be applied to anarbitrary 
family § of sets, for every such family is partially ordered by the relation of 
inclusion €. It should be noticed, however, that two sets of a family § which 
are disjoint from the point of view of the theory of partially ordered sets are not 
necessarily disjoint in the usual set-theoretic meaning. On the other hand, it 
is easily seen that the two meanings of the notion of disjointness coincide if the 
family § contains the empty set among its elements and if, with any two sets 
X and Y belonging to § their intersection X NM Y also belongs to §. Thus 
Theorem 1 applies literally to every field of sets, and even to every ring of sets 
which contains the empty set, e.g., to the ring of all open sets of a topological 
space; and it can be very easily shown that the theorem holds for an arbitrary 
ring of sets, even if it does not contain the empty set (for in this case the ring 
does not contain any two sets which are disjoint in the set-theoretic sense). 

THEOREM 2. Jf n is a regular cardinal number > No, then for every set S of 
power n there exists a field § of subsets of S such that c(F) = 0(§) = n. 

Proor. We could assume that n is a limit number, for otherwise the proof 
presents no difficulty; however, no use will be made here of this assumption. 

We shall first prove the theorem for a particular set N of power n, which will 
be defined as follows. Let us write for every ordinal number a: 

(1) c(a) = the power of the set of all ordinal numbers — < a. By the well- 
ordering theorem there exists an ordinal number » such that 

(2) c(v) = n, while c(é) < n for every number é < ». 

(3). N = the set of all transfinite sequences o of ordinal numbers ao , 01 , --- , 
which satisfy the following conditions: 

(i) o: S every number < 7; 

(ii) there are only finitely many numbers P < vsuch that o # 0. 

Since 

(k < Mo), 
it is easily seen from (1), (2), and (3) that N has in fact power n. 

We are now going to correlate to every number  < va family 5 of subsets X 
of N so as to satisfy the following conditions: 

(5). ©: is a family of mutually exclusive sets, and UX=N 


(6). = e(€ + 1) < 0; 

(7). if & , &,--- & is any finite sequence of distinct ordinal numbers < 1, 
and X,, X2,---, X, any finite sequence of sets such that X,€ Hz, , 
Xn then the intersection X,; M---M X, is not empty. 
To obtain such families 5; we put: 

(8). Nz,, = the set of all sequences o N such that = SE 

(9). S = the family of all sets Neo, Nea --- where S < ». 

The proof that the families 5; thus defined satisfy the conditions (5), (6), 
and (7) does not present any difficulties. 

Finally we construct the field § by putting 
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(11). § = the smallest field of sets which contains all the sets of §; or, in 
other words,: § = the family of all sets which are finite unions of finite inter- 
sections of sets X e § and their complements N — X. 

We shall prove that § satisfies the conclusion of our theorem. If n is an in- 
finite number, it is easily seen from (2), (6), and (10) that the family has 
power n. Hence by (4) and (11) it follows that § has also power n. Further- 
more, (2), (5), (6), (10), and (11) imply that, for every number r < n, § does 
contain r mutually exclusive sets. Hence we have 

(12). c(§) = n S d(§). 

It remains to show that every family G € § of mutually exclusive sets has a 
power <n. We shall show it first for families of a rather special character. 

Let us agree to say that a set X e § is of the / order (where / is any positive 
integer) if it is not empty and can be represented as an intersection of / different 
sets of the family 5. We are going to establish certain simple properties of 
sets of the I order. 

(13). Every set X of the / order can be represented uniquely in the form 


X=X,N---NX, 


where Xi °°: , X:eH:,,andé; << & < vforl St<k SL. 

In fact, the possibility of such a representation follows directly from the 
definition of the sets of the I order; two different sets X; and X; cannot belong 
to the same family §, for by (5) the set X G€ X; X; would be then empty. 
Assume that the set X has two representations of this kind: 


where X;¢H:,, YieH,;, & < & < v, <m <vforl Si<k sl. 
If these representations are different, at least one of the sets Xi, --- , Xz, let 


us say X;, cannot occur among the sets Y;,--- , Y, ; and similarly a certain 
set Y; cannot occur among the sets X;,---, X,. Hence the number &; must 
be different from each of the numbers m,---, 7. For, if we had & = 


(1 < k S 1), the sets X; and Y; (X; ¥ Y,) would belong to the same class 
Sz, = H,, ; and therefore by (5) the set X E X;/ Y; would be empty. For 
the same reason the number 7; must be different from each of the num- 
bers &,-°-:,é. Thus, in particular, £; # 7;, and therefore at least one of 
these two numbers is ~ 0. Assume, e.g., £; ~ 0. By (6) there is a set X + € Ds, 
which is different from X;. By (5) the sets X; and X ‘ are disjoint; consequently 
the intersection 


is empty. Hence the intersection 


must also be empty; but this clearly contradicts (7), all the numbers 
£;, m, ™m, °°: m being distinct. Thus the two representations of X cannot be 


different. 
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In what follows we shall refer to the sets X; , --- , X, occurring in the repre- 
sentation (13) of a set X as the factors of X. 

(14). In order that two sets X and Y of the /™ order be disjoint it is necessary 
and sufficient that they have two factors X; and Y; which are different, but 
belong to the same family ©. 

This follows directly from (5), (7), and (13). 

(15). If two disjoint sets X and Y of the (J + 1)™ order have a common factor 
X; = Y;, and if X* and Y* are the intersections of the remaining factors of X 
and Y respectively, then X* and Y* are disjoint sets of the /™ order. 

This can be easily obtained from (13) and (14). 

Now we can prove by induction with respect to /: 

(16). Every family © € § of mutually exclusive sets of the I order has 
power < 0. 

(16) is clearly true for 1 = 1. In fact, in this case @ is contained in the 
family 


H= U &. 
E<v 


If there were two sets X; and X2 of G which belonged to two different families 
§:, and §;, , they would not be disjoint, on account of (7). Therefore there 
must be a < such that € and hence, by (6), c(G) < n. 

Now assume that (16) has been proved for a given positive integer /, and con- 
sider a family G©@ € § of mutually exclusive sets of the (J + 1)st order. Let 
X be any set of G, and let Dey, < & < < Ein 
be those families S; which by (13) contain among their elements a factor of X. 
By (14) every set of G must have a factor belonging to at least one of,the families 
, and thus also to their union 


(17) = De, U.-- U 


For every set Z of H* let us denote by @(Z) the family of all those sets Y « G 
which have Z as a factor. We have thus a decomposition of G in subfamilies 
(Z) (which are not unnecessarily mutually exclusive): 


G= VU 
Ze* 
Hence 
(18) c(@) < c[G(Z)]. 


Consider a particular family @(Z) where Z is any set of *. If Y is a set of 
G(Z), it has Z as a factor. Denote by Y* the intersection of the remaining 
factors of Y, and by @*(Z) the family of all sets Z* thus obtained. G(Z) 
being a family of mutually exclusive sets, we easily infer from (13) and (15) 
that the family @*(Z) is also a family of mutually exclusive sets; furthermore 
that the correspondence Y --> Y* between the sets of @(Z) and G*(Z) is one- 
to-one, and that therefore these two families have the same power. On the 


in 
n- 
As 
eS 
a 
ve 
nt 
of 
y. 
l. 
let 
in 
ist 
SS 
or 
m- 
of 
ly 
ars 
be 


324 P. ERDOS AND A. TARSKI 


other hand, @*(Z) consists of sets of the I order; thus, by applying to @*(Z) 
our inductive premise, we obtain: 


(19) c[{@(Z)] = c[G*(Z)] < n forevery Ze *. 
n being a regular, and thus an infinite, cardinal number, we also have, by (6) 
and (17). 
c(H*) S +--+ + < 0; 
and hence, in view of (19), 


(20) e(@(Z)] < n. 

From (18) and (20) it follows at once that G has power < n. Thus (16) 
holds for every positive integer 1. 

We can now extend (16) in the following way: 

(21) Every family © € § of mutually exclusive sets of any finite orders 


has power < n. 
In fact, denote by G, the family of those sets X ¢ G which are of the 1" 
order. We obtain the decomposition 


= G6, U.-.--UG,U.--- 

whence 

(The families G,, --- , are not necessarily mutually exclusive.) On 
the other hand, we have by (16): 

C(G,) < n for every positive integer 1. 
Hence, n being by hypothesis a regular number > No, we easily obtain: 

S$ eG.) + eG) <1 


Finally we can show that 

(22) Every family © ¢ § of mutually exclusive sets has 0 power < n. 

For, by (11), every set Y eG is a union of finite intersections of sets X 
and their complements N — X. Furthermore, from (5) and (10) it follows that 
the complement N — X of a set X ¢ is a union (not necessarily finite) of sets 
of . Therefore the set Y can be represented as a union of finite intersections 
of sets X eS. Hence we can correlate with every set Y e G (which is not 
empty) a non-empty. subset Y* € Y of finite order. The family G* of all the 
sets Y* thus obtained has clearly the same power as , and by (21) this power is 
< 

From the definition of }, (22) implies: 


d0(G) n; 
and this formula together with (12) gives: 
(23) = (§) = 2. 
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Thus our theorem has been proved for a particular set N of power n. Now 
consider an arbitrary set S of power =n. The set S contains a subset N, of 
power n. We can establish a one-to-one correspondence between the subsets 
of N and those of N; , and by means of this correspondence we can construct a 
field §1 of sets X € Ny € S which satisfies (23). This brings the proof to an end. 

Coro.tuarRy 1. Jf nis a regular number >No , then for every number % = n 
there exists a topological space S of power & such that the family & of all open sets 
(or of all sets which are both open and closed, or of all regular open sets) satisfies 
the condition: (@) = n. 

Proor. Consider any set S of power &. By Theorem 2 there is a field § 
of subsets of S such that }(§) = n and that every family © € § of mutually 
exclusive sets has power <n. We can assume that S ¢e §; for otherwise, we 
could replace § by the field §’ consisting of all the sets X e § and their com- 
plements S — X, and we could easily show that %’ still satisfies the conclusion of 
Theorem 2. Now we correlate with every subset X ¢ S a new subset X « S, 
the closure of X, by defining X as the intersection of all the sets Y e § which 
contain X(Y 2 X). It is easily seen that with this definition S becomes a 
topological space. 

In this space, F is contained in the family G’ of all those sets which are both 
open and closed, and the family G of all open sets is constituted by all the unions 
of the sets X « §. Hence it follows that )(@) = d(F) = n, and that G, like %, 
does not contain any family © of mutually exclusive sets with power c() = n. 
Finally it may be noticed that @’ and the family @”’ of all regular open sets also 
have these two properties, for we clearly have 


cs. 


Coro.tiary 2. Jf n is a regular number >No, then there exists a complete 
Boolean algebra B such that )(B) = n. 

Proor. This corollary follows directly from Corollary 1 since, as is well 
known, the regular open sets of an arbitrary topological space form a complete 
Boolean algebra,’ and any two elements of this algebra are disjoint if, and only if, 
they are disjoint in the usual set-theoretic sense. 

Corollary 2 formulates a condition which is necessary for a cardinal number n 
to be regular and >N». From Theorem 1 it follows that this condition is at 
the same time a sufficient one. It is easily seen that in this necessary and suffi- 
cient condition the term ‘‘Complete Boolean algebra’”’ can be replaced by “‘par- 
tially ordered set”’, “‘ring (or field) of sets’’, ‘family of all open sets of topological 
space,” and so on. If we restrict ourselves to the case of limit numbers, we 
obtain a necessary and sufficient condition for a number n > No to be weekly 
inaccessible. 


3 This result was first stated in A. Tarski, Les fondements de la géometrie de corps, 
Commemoration of the first Polish Math. Congress, Kracow 1929, p. 42; see also G. Birkhoff 
op. cit. p. 102. 


6) 
ars 
On 


326 P. ERDOS AND A. TARSKI 


Finally we give a result of a more special nature: 

Coro.uary 3. The following two sentences are equivalent: 

(t) In every topological space of power <2®° there exists a family of mutually 
exclusive open sets with a maximal power. 

(ii) There is no weakly inaccessible number n which is >So and <2*°. 

Proor. From Corollary 1 it follows immediately that (i) implies (ii); the 
implication in the opposite direction can be easily derived from Theorem 1. 


GENERAL REMARKS ON INACCESSIBLE NUMBERS 


In connection with the last corollary it should be noticed that the problem as 
to whether there exist weakly inaccessible numbers i.e. regular limit numbers 
which are >n and <2" for an infinite number n is so far unsolved and probably 
can not be solved at all within the present systems of general set theory. By 
definition the weakly inaccessible numbers can not be obtained from smaller 
ones by such operations as those of infinite addition or of passage from one 
number to the next greater number. However it is by no means settled that 
they can not be obtained from smaller ones by means of the other arithmetical 
operations, namely multiplication and exponentiation. For this reason we 
single out among the weakly inaccessible numbers a more special class the so 
called strongly inaccessible numbers, i.e., the numbers which can not be obtained 
from smaller ones by an arithmetical operation. While e.g. 28° is clearly not a 
strongly inaccessible number, it is not known whether this number is weakly 
inaccessible. 

If we enrich the axiom system of set theory by adding the so-called generalized 
hypothesis of Cantor (which asserts that there is no cardinal number >n and 
<2" for any infinite number n), we can easily show that the two kinds of inac- 
cessible numbers coincide. However nothing compels us to regard the gener- 
alized hypothesis of Cantor as the only possible basis for set-theoretic investiga- 
tions, and we can equally well consider the possibility of enriching the axioms of 
set theory by other axioms which contradict the hypothesis of Cantor. For 
instance it seems quite plausible that the following hypothesis would constitute 
a consistent and fertile addition to the set theoretical axioms: 

Hypothesis of inaccessible numbers: For every infinite number n, 2" is the 
smallest weakly inaccessible number >n. 

Furthermore we should like to point out that many set theoretical problems 
are known at present whose solution involves the notion of an inaccessible num- 
ber. The first problems of this kind were formulated more than thirty years 
ago; their number has however considerably increased in recent years. Like 
the problem solved in the present paper most of these problems can be presented 
in the following form: Is it true that a certain cardinal number n has property P? 

We want to give here a few examples of such problems: 

Prosiem 1. (The representation problem.) Is it true that every n-additive and 
n-distributative Boolean algebra is isomorphic with an n-additive field .of sets? 
(A Boolean algebra B is called n-additive if for every set X € B with c(X) <1 
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there is an element y « B such that y = Uz. An n-additive Boolean algebra is 
rex 
called n-distributive if 
VU =UN ayo, 
ie 

where is any non-empty set with c(®) < n; G; (for 7 € ) are any non-empty 
sets with c(@;) < n; x;,; is always an element of B, and f runs through all func- 
tions which correlate with every element 7 ¢ § an element j; ¢ @;. The number of 
functions f is in general = n, but it is assumed that the existence of NiewU j.<5,X i,j 
implies that of UN 

ProBLEM 2. (The prime ideal problem.) Is it true that the field of all subsets 
of a set N with power c(N) = ncontains an n-additive ideal which is not a principal 
ideal? (A family § is called n-additive if for every family © € § with c(G) <n 


the union U X also belongs to §.) 


This problem can also be formulated as that of the existence of an n-additive 
non trivial two-valued measure defined over all the subsets of a set N with 
= n. 

ProBLEM 3. (The set-function problem.) Is it true that there exists an n- 
additive and n-multiplicative set-function defined over all sybsets of a set N of 
power n, which is not absolutely additive and absolutely multiplicative? (By a set 
function we mean here a function G which correlates with every set X of a certain 
family § another set G(X) which need not belong to the’ same family. A set 
function G is called n-additive or n-multiplicative, if for every family © € § 
with c() < n we have: 


GU X)= U G@X)) or GN X) EX)), 
xe 


respectively. If these formulas hold for every family © < §, the set function 
is called absolutely additive or absolutely multiplicative.) 

Prosiem 4. (The graph problem.) Is it true that if a complete graph G of 
power n is split into two graphs G, and G2 , at least one of them contains a subgraph 
of power n?_ (A graph is to be defined as an arbitrary set of non-ordered couples 
(x, y) with x # y. By a complete graph of power n we mean the set of all such 
couples formed from the elements of a set N of power n.) 

ProsLem 5. (The ordering problem.) Is it true that every ordered set N of 
power n contains a subset X of power nu, which is either well ordered, or becomes 
well ordered if we invert the ordering relation. 

ProsBLeM 6. (Ramification problem.) Let v be the smallest ordinal number 
such that the power of all ordinals § < visn. Is it true that every ramification 
system of the v” order, in which the set of all elements of the &” order has power 
<n for every § < v, contains a well-ordered subset of the type v. (By a ramification 
system S we understand a partially ordered set. which has the property that, for 
every x e S, the set S(x) of all elements y S x is well ordered; If the set S(x) 
is of the type & the element z is said to be of the &” order. The order of the 
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whole set S is the smallest ordinal number greater than the order of all elements 
of S.) 

None of these six problems has yet been entirely solved. It can be shown that 
the solution of these problems is positive for n = No and is negative for every 
infinite number n > No which is not strongly inaccessible, in the case of problems 
1-5. (In the case of problem 6 it has been only shown that the solution is nega- 
tive if n is not inaccessible and the generalized Cantor hypothesis holds.) All 
the problems remain open in case of strongly inaccessible numbers >No.' 

This situation is rather typical of the problems involving the notion of an 
inacesssible number, which we have here in mind. Most of them so far have 
resisted all attempts at solution in the case in which n is an inaccessible number 
>W, ; it depends, however, on the nature of the problem whether strongly or 
weakly inaccessible numbers are involved. Ths situation differs slightly in 
connection with certain problems from the theory of ordered sets. Here the 
solution is positive for So, and for all regular numbers which are not weakly 
inaccessible, and is negative for infinite singular numbers; but the problem 
again remains open in the case of weakly inaccessible numbers >No . 

The difficulties which we meet in attempting to solve the problems under 
consideration do not seem to depend essentially on the nature of inaccessible 


4 The solution of Problem 1 was given for n = No by M. H. Stone (see G. Birkhoff op, 
cit. p. 89.) The solution far numbers which are not inaccessible and > X 9 was recently 
found by A. Tarski and has not yet been published. 

For the solution of Problem 2. see A. Tarski, Fund. Math. Vol. 15, p. 42-50. (Une con- 
tribution 4 la théorie de la mesure) (the case n = Xo). For the case when n is not inacces- 
sible, see A. Tarski, Fund. Math. Vol. 30 (1938) p. 150 (Dritter iiberderkungnatz.) 

The solution of Problem 3 for n = No was given by S. Ulam, Fund. Math. Vol. 16 p. 
140-150. (Zur Masstheorie in der allgemeinen Mengenlehre.) The solution for numbers 
which are not inaccessible follows from a general theorem of A. Tarski; C. R. Soc. Varsovie, 
Vol. 30 p. 158 (Theorem 2.18). 

The solution of Problem 4 was given for n = Xo» by Ramsay on a problem of formal logic, 
Proc. London Math. Soc. (2), 30; and for the numbers n > &» which are not inaccessible 
by P. Erdés, appear in Revista de Tucuman). 

The solution of Problem 5 is obvious for = X 9; for the numbers n > X 9 which are not 
inaccessible the solution was given by Hausdorff, Mengenlehre (1914) p. 145-146. He does 
not state the solution explicitly, but it can be deduced easily from his results. 

The solution of Problem 6 was given for n = &%_ by D. Kénig, Uber eine Schlussweise 
aus dem endlichen ins unendliche, Acta Szeged, 3, p. 121-130. For the numbers n > X> 
which are not inaccessible it was given by Aronsajn. It can be shown that the positive 
solution of Problem 1 for inaccessible numbers >X » would imply the positive solution of 
Problem 2; the positive solution of Problem 2 implies that of Problems 3, 4, and 5; also the 
positive solution of 3 implies that of 2, so that 2 and 3 are equivalent. Further, the positive 
solution of 4 implies that of 5, and the positive solution of Problem 6 for strongly inac- 
cessible numbers can be deduced from that of Problem 2 (however this solution can also be 
obtained from weaker hypotheses and can be extended to all inaccessible numbers). Also 
the positive solution of Problem 6 implies that of Problems 4 and 5. Finally the positive 
solution of Problem 6 implies the positive solution of Problem 1 in the special case when the 
Boolean algebra contains only n elements. The proof of these equivalences is as yet 
unpublished. 
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numbers. In most cases the difficulties seem to arise from lack of devices 
which enable us to construct maximal sets which are closed under certain infi- 
nite operations. It is quite possible that a complete solution of these problems 
would require new axioms which would differ considerably in their character 
not only from the usual axioms of set theory, but also from those hypotheses 
whose inclusion among the axioms has previously been discussed in the literature 
and mentioned previously in this paper (e.g., the existential axioms which secure 
the existence of inaccessible numbers, or from hypotheses like that of Cantor 
which establish arithmetical relations between the cardinal numbers.) 

If we now compare the problem which has been actually solved in this paper 
with those which we have recently discussed, we see that the peculiarity of our 
problem consists in two facts. First, our problem has been solved for all cardi- 
nal numbers, although the inaccessible numbers are essentially involved in the 
solution. And secondly the number No behaves in the discussion of the problem 
like a singular limit number, and in a directly opposite way to the other regular 
or inaccessible numbers. 
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ON SOME CONVERGENCE PROPERTIES OF THE INTERPOLATION 
POLYNOMIALS 


P. Erpés 
(Received June 29, 1942) 


It is well known that there exist continuous functions whose Lagrange inter- 
polation polynomials taken at the roots of the Tchebycheff polynomials 7, (z) 
diverge everywhere in (—1, + 1). On the other hand a few years ago S. Bern- 
stein proved the following result’: Let f(x) be any continuous function; then to 
every c > 0 there exists a sequence of polynomials ¢,(x) where ¢,(x) is of degree 
n — | and it coincides with f(x) at, at least n — en roots of T,,(x) and ¢,(x) > 
f(x) uniformly in (—1, + 1). 

Fejér proved the following theorem’: Let the fundamental points of the inter- 
polation be a normal‘ point group 


then for every continuous f(x) there exists a sequence of polynomials ¢,(x) of 
degree < 2n — 1 such that ¢,(c§”) = f(x{”), i = 1, 2, --- n and ¢,(x) > f(z) 
uniformly in (— 1, +1). In the present paper we are going to prove the follow- 
ing more general 

TuEoremM 1. Let the point group be such that the fundamental functions Ii” (x) 
are uniformly bounded in (—1, + 1). Then to every continuous function f(x) and 
c > 0 there exists a sequence of polynomials ¢,(x), such that, 1) the degree of ¢n(x) 
is n(1 +c), 2) = = 1,2 n, 3) on(x) f(x) uniformly in 
1, + 1) 

Theorem 1 generalizes the result of Fejér in two directions; first the point 
group is more general since it can be shown’ that the fundamental functions are 
uniformly bounded for normal point groups, and secondly the degree of ¢,(x) is 
lowered from 2n — 1 to n(1 + ce). 

Theorem 1 does not directly generalize the result of S. Bernstein, but we can 
prove the following 

TueoreM 2. Let the x$" be such that the fundamental functions are uniformly 
bounded in (—1, + 1);-then to every continuous function f(x) there exists a sequence 
of polynomials ¢,(x) of degree < n — 1 which coincides with f(x) at, at least n-cn 
points and ¢,(x) f(x). 


1G. Griinwald, Annals of Math. Vol. 37, (1936), p. 908-918. 

2S. Bernstein, Comptes Rendus de 1’Acad. des Sciences Vol. 

3 L, Fejér, Amer. Math. Monthly Vol. 41 p. 12. 

4 Ibid. 

5’ Fejér proves this only for the so called strongly normal point groups (ibid). The 
proof for normal point groups is much more complicated and we do not give it here. 
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We are not going to give a proof of Theorem 2. 
The following problem is due to Fejér: Let the x{” be the equidistant abscissae 
that is = —1 
to every continuous f(x) a sequence of polynomials ¢,(x) of degree < 2n such 
that = f and ¢,(«) > f(x). In other words, does his result proved 
for the normal point groups also hold for the equidistant point group. We 
prove the following 

THEOREM 3. T'o every continuous function f(x) and to every c there exists a 


,? = 1,2,---mn. The question is, does there exist 


sequence of polynomials ¢,,(x) of degree S 5nd +c) such that y,(x$”) = f(a”) and 


gn(t) > f(x) uniformly in (—1, 1), and it can be shown that the constant 5 (8 the best 


possible. 

Throughout this paper the c’s denote absolute constants not necessarily the 
same. If there is no danger of confusion we will omit the upper index n in 
Us" (x) ete. 

To prove Theorem 1 we need two lemmas. 

Lemma 1. Let the point group be such that the fundamental functions are uni- 
formly bounded in (—1, 1) and put cos 3; = xi, < < an, > > 


> Dn; then 
6 


Cc 
— 


Proor. Let |li(x) | < D,i = 1,2,--- mn. By a well known theorem of 8. 
Bernstein’ | d/d8 1;(cos 3) | S nD and since 1;(x;) = 1, li(xi41) = 0, we have finally 

Lemma 2. Let —1 S y S 1, cos 6 = y. Then there exists a polynomial 

hs” (x) of degree < 2m such that (y) = 1, |h,(x)| S ¢, -1 S$ x S land for 


m 


— 2 


(m) 1 ) 
| hy” (cos 6) | < min m0 — 
(m) 


Denote by and X74, the roots of for which X{" <y S It is 
easy to see that 


6 If the fundamental functions are uniformly bounded we have 
te'tin =. 
n n 


But the upper estimate is not needed here. (Erdés-Turdn, Annals of Math. Vol. 39 (1940) 


p. 706-707.) 
7S. Bernstein, Belg. Mém. 1912 p. 19. 
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+ Ly) = 1, ° 


where L{”(y) denotes the fundamental polynomials belonging to the roots of 
T(x). Without loss of generality we may assume L(y) 2 3. It is well known 


that | | -1 $2 Thussince 6; — 6:4; = (cos 6; = 


our lemma will be proved if we can show that for | @; — % | > # 
m 


| As (cos 60) | = | 
But 


Proor of Theorem 1. Let ¥,_1(x) be a polynomial of degree n-1 such that 
|f(z) — <6, 


Put f(v;) — Yra(vi) = €;. Consider the polynomial of degree < n(1 + c) such 
that 


= + m= Fi! 


Clearly (vi) = f(wi), = 1, 2--+n. We shall prove that ¢,1(7) f(z) 
uniformly in (—1, 1). It suffices to show that 


D << ce, S281. 


| i=1 


| g(x)| = 


Now 
(2)| = ce (Xs + 
Thus we only have to show that >; + }>s <q. By Lemma 1, 


< | hove, (x) |, 


where | are cos(x + k,) — are cos x| > (rc)/n. Thus by Lemma 2 


Similarly we obtain >>» < c:, which completes the proof of Theorem 1 


8 Erdés-Turdn, Annals of Math. Vol. 41, (1941) p. 529, Lemma IV. 
9L, Fejér, Mathematische Annalen, Vol. 106, (1932) p. 5. 
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Theorem | does not give a necessary and sufficient condition for the existence 
of a sequence of polynomials ¢,(x) of degree < n(1 + c) with gn(x;) = f(x,) and 
g.(v) — f(x) uniformly in (—1, 1). To obtain such a condition let x{” be a 
point group, put cos 3s” = x{” and denote by N,, (a, b) the number of the #; 
in (a, b), We have the following: 

THEOREM 4. A necessary and sufficient condition that to every continuous func- 
tion f(x) and to every c > O there exists a sequence of polynomials ¢,(x) of degree 
< n(1 + c) such that = and ¢,(x) f(x) uniformly in (—1, 1) is that 
ifn (bn — Gn) > 


Nn bn) and lim inf. (8; — d:41)n > 0, (n— © arbitrary) 


Condition (1) states that the number of 3; in (an, bn) can not be much greater than the 
number of roots of T,,(a) in (dn, bn). If the fundamental functions l,(x) are uni- 
formly bounded (1) ts satisfied, for then we have 


bn) _ 1 
We do not give the proof of Theorem 4, but the following proof of Theorem 3 
can by a simple modification be applied to it. 
ProoF of Theorem 3. Here the fundamental points are 
n 


10 


lim 


a = -1+ 


First we prove the existence for every n and c > 0 of m = 5 nil + c) points. 


y\”, i = 1, 2, --- n such that (I) the x$” occur among the y$” (II) the fun- 


damental functions L(x), k = 1, 2,--- m are uniformly bounded in (—1, 1) 
(The L,(x) are the fundamental functions belonging to the y{”). Having con- 


structed the y{” satisfying (I) and (II) we immediately obtain Theorem 3 by 
applying Theorem 1. 


To construct the y{”” we first remark that by putting 


cosa = i=1,2,---n 


we obtain by a simple calculation 
0; — > 
Now we construct a sequence y$”, i = 1, 2, --- m such that (1) the x{" occur 


among the y$” (2) put cos 6; = y; then 6; = 


= (2) and (3) insure that the y; are “‘very 


uniformly bounded (3) 6; — O41 = 


nearly” the roots of 7'»(x). 


10 Erdés-Turdn, ibid., p. 519. 


nN 
i) 
) in» | 
) 
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We construct the y; as follows: Suppose y; < yo < --+ < yi are already 
constructed. We further make the hypothesis that if 3, (cos 3, = 2,) is the 


greatest 3 < 6;_, then 6;., — 3, > i: If 5 tee d; < 0 we choose for y; either 


the least x, > yi, or if 3, < 0:1 — = we put 6; = 0:1 — oe Thus 6; does 
m 


i—1 


not come nearer than ix to the greatest 8 < 6;. If Dizi d; > 0, y: = 2, if 
> 641 and — otherwise. Thus in any case if 3; is the greatest 


< 6; then 6; — 3; > In this we can construct Ye, Ym. (1) and 


(3) are clearly satisfied and it is quite immediate that (2) is also satisfied. Now 
we have to show that the y;’s satisfying (1), (2), and (3) also satisfy (I) and (II). 
(I) is clearly satisfied, the proof that (II) is satisfied is slightly more difficult. 
Denote by 21 , 22, +++ 2m the roots of 7»(x) and by L;(x) the fundamental fune- 
tions belonging to the z;. From (2) and (3) it follows by a simple calculation 
that 


(2) (yn) < <e2w'(yx), = I] (x — 
where ¢c, and c2 are independent of m and k. Denote 
max |Z;(x)| = Ax, max Lj(x) = By 
-l<z<1 —l<2<1 


Then again from (2) and (3) by a simple calculation [using (2)] 


Ax 
(3) C3 > B, 
We know that” 
(4) < V2. 


Thus from (3) and (4) we obtain (3), and this completes the proof of Theorem 3. 
To obtain the second part of Theorem 3 we first have to prove 
Lemma 3. Let m = [(x/2)n(1 — > O fixed, independent of m and n, n 
odd. Let gm(x) be a polynomial of degree m such that gm(0) = 1 and 
gm(—1 + — 1)/n)) = = 1, 2, [(m — 1)/2], + 3)/2] 
Then 
| ¢m(x)| > er , = a(e) > 1. 


-l<z 


Proor. We use the following lemma due to M. Riesz”: Let gm(x) be a poly- 


u Fejér, see footnote 9. 
12 M. Riesz, Jahresbericht der Deutschen Math. Vereinigung, (1915), p. 354-368. 
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nomial of degree m, it assumes its absolute maximum in (—1, 1) at the point 
m = cos &. Let x; = cos 0; be the nearest root of g(x) in (—1, + 1) then 


—d 
| 


It immediately follows from this lemma that if x; and x;4; are ie nearest roots 
including 2» , then we have 


0; — 


Put now cos 3; = —1 + (27 — 1)/n. A simple calculation shows that there 
exists a constant co = c(e) such that if —c. S 2; < 241; S c then 


1-$) 
m 


Hence ¢»(x) can not assume its absolute maximum for —c. S x S Ce except if 


< Sais (i. e. in the neighborhood of 0) 
Consider now a polynomial h,,(a) with highest coefficient the same as that of 
¢n(x) Whose roots are defined as follows: Let —c. < 2; < @ then z; = (1 + 4)a; 
where 6 is chosen so small that 
€ 


6; — < (cos 0; = 2%) 


The other roots of h»(x) coincide with those of ¢,(x). Clearly the degree of 


hn(z) is m. Define 
1 1 
oa) = (2+ 


By the lemma of M. Riesz g(x) does not assume its absolute maximum 
in (—c2, c2). It follows from the inequality of the arithmetic and geometric 
means that 


(6) | g(x)| < |¢m(x)| for oo(1 + 6) = 


Denote by A(c2) the number of x; in (—c2, +c). We evidently have A(c2) > 
on. Thus 


1 
16m? 


But since g(x) assumes its absolute maximum in (—1, 1) for some |a| > 
(1 + 6) we have by (5) and (6) 


(6) | g(0) | > ¢m(0) | (1 + 6)" > om(0)c, > 1) 


y 
e 
Ss 
; 

. 
d 
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| em(20) | > | g(wo)| > 


Let now m, m2,--- be an infinite sequence of odd integers, which tend to 
infinity sufficiently quickly. We define a polynomial y;(x) as follows 


¥i0)=1, -1 S281. 


From the approximation theorem of Weierstrass it follows that such a y,(z) 
exists. Consider now the continuous function 


fa) 
k=1 
If the second part of Theorem 3 would not be true, we could find a sequence of 
polynomials ¢;(x) of degree Sn;(4/2)(1 — €) such thaty;(—1 + ((2j — 1)/n,)) = 
f{l + ((27 — 1)/n:)] and ¢;(x) f(x) uniformly in (—1,1). Fork >i 


Thus ¢;(2) coincides with 


= g(x) 


at the points —1 + ((27 — 1)/n,), j ¥ ((1 + n;)/2). 
Let now n; tend to infinity so quickly that n; is greater than the degree of 
g(x). Then g;(x) can be written as 


gi(x) = (x) + (2), 
where ¢{” = g(x), and g{”(x) is of degree < ((x/2) — c,)n2 and (-~ 14 
((2j — 1)/n:)) = 0,7 (1 + S ni, also (0) = Deas = 
(1/2'"). Thus by lemma 3 


| 2 max |¢{"(x)| — 2 > c3' and are>1 


if nj; iil to infinity sufficiently quickly. Hence ¢,(x) can not converge uni- 
formly to f(x), and this completes the proof of Theorem 3. 

By a more complicated argument we could prove that a point .ro exists such 
that ¢n(zo) diverges. We give only the sketch of the proof. Since 
max_i<r<1 | ¢n,(2) | > (1 + it follows from a theorem of that there 
exists in (—1, 1) a set of measure >c = c(6) such that on this set | gn,(«) | > 
(1 + (6/2))"*. Then, it follows easily that there exist a point x with 
lim sup | ¢n,;(%o) | = 


13 E, Remes, Sur une propriété extremale des polynomes de Tchebycheff. Comm. de 1’ Insti- 
tut des Sciences etc. Kharkov, (1936) série 4, XIII fase. 1, p. 93-95. 
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By the same methed we can prove the following: 


af? 


TuroreM 5. Let x5” , be a point group and put cos = Suppose 

that 
lim inf — = (n — , arbitrary) 

Then to every continuous f(x) and constant c > 0 there exists a sequence of poly- 
nomials ¢,(x) of degree <d(1 + such that = f(x”) and ¢,(x) > f(z) 
uniformly in (—1, 1). 

The constant d, of Theorem 5 is not best possible. We can obtain the best 
possible constant d, as follows: Let a, and b, be two arbitrary sequences of real 
numbers, such that 0 S a, S 7, n(bp — Gn) ©. Thenifd < « 


Nn(dn, bn) _ 
— An) 


Lemma 3 would not suffice for the proof of Theorem 5. Here we need 

Lemma 4+. Let ¢,(x) be a polynomial of degree n, y,(0) = 1. Let ¥(n) be any 
function of n tending to infinity together with n and let c, be a constant independent 
ofn. Then uf ¢,(x) ts such that for every co, < A < y(n) the number of roots of 
gn(cos in ((4/2) — (A/n), (4/2) + (A/n)) is greater than [((1 + we 
have maxj<z<i | n(x) | Our condition means that the number of roots of 
yn(x) in the neighborhood of O is substantially larger than the number of roots of 
T,(v). The proof of Lemma 4 is similar, but more complicated than the proof of 
Lemma 3. 


lim sup 
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